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B1a MR, SR

Probability, Counting and Distribution Functions

&

fKHE: CB2e Chl; A=£1] Chapter 1 %k}

P1-01  PiAcRE MRe 15 2155 S0 1k i
2026 PS1 Q1; CB 1.6

independence il 37.7%; sample space F£:A%45 ]

BEAS S TT. HT. TH. HH. o7 vE vere saig ik, ik
PX=0=01-u)(l-w), PX=1)=u(l-w)+(1-uv)w, P(X =2)=uw.

Fr—FAAE, BACH TZOREA ST 1/3. i — WS TR =0, 1 —u—wtuw =
uw, B3 ut+w=1, HEFEMN 1, vw < [(ut+w)/2?=1/4<1/3, F)F.
P FAAEIEFER AL AE T . AR R v = w = 1/2 JEl AR A bl i AT
RS AHER T AR RE

P1-02 fifkAasemst 5 Safarh
2026 PS1 Q2. Q7; CB1.13

union bound H-4E 5 complement % {4:

IR LIS ER
P(B)=3/4. f P(AUB) <1,
P(ANB) = P(A)+ P(B) - P(AUB) > +2_1:*>0

WIHARE R F . HJF SMILAR, BUH IR B,
2. ZHHE “EIRA” WHBIR BT RN
B Hi e M,

P(HHNHyNH3)=1—P(H{UH5UHS)>1-3(0.3) =0.1.

WHRAFEL . HES 0.7° WESNA T MBS
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3. RSy A SR SIS

P(at least one hit) = 1 — P(all miss) = 1 — 0.3® = 0.973.

P1-03  $BE1 KL 6
2026 PS1Q3; CB1.26

first success H KA Y); geometric distribution JLfi[ 43
T > 5 Fwal 5 AR 6, RERE 6 k—EHI 6. Hit

5\° 3125

M T =51 4 WRI. 55 W), 8 P(T =5) = (5/6)*(1/6). T M5 H4E
N2 BRI IR RO E, e X =T — 1, SRR 0 IHg.

P1-04  raiREAES 5 R %Al
2026 PS1 Q4; CB 141

rior J¢i;; likelihood {MIg%; posterior J54; total probability 44f%
P p p Yy

1. JE5e S BRRS Ji 1 53 0 551

4 D FoRkik dot, H FoRkik dash, Rp, Ry FRng g . Joli P(D) =

3/7,P(H) =4/7.
31 42 41

PBm =717 73 &
P(H’RH):%:E?'

R IR dash (AR IR, ARNRE U IER AL S 32 .
2. Xkl dot S:4%—ik Bayes.

33 41 43 27 16
P =224 == pD =2 P(H|Rp)=—.
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3. AEAEES IR IR BE T, RS S I

Sent sequence Posterior given two dots

DD 729/1849
DH 432/1849
HD 432/1849
HH 256,/1849

Jr T2 A 1849, AT EMERN 1o A BIKAEY 3+ 4 FUBIAS JE DA H 471
Az X HE RS B AR

P1-05 5 YL i 25 15 2L i 4
2026 PS1 Q10

sensitivity R ; specificity $55%; prevalence iR

RIPEEZ P(+ | D), Fi5t o2 P(— | D), BB ERSA P(+ | D) = 0.05,
T 095,

0.95(0.01) 19

P(D|+) = =
(D] +) 0.95(0.01) 4+ 0.05(0.99) 118

~ 0.161017.

A 10000 ANFEf: 25100 44 835+ 95 ABHME, 9900 44 85 A 495 A B, Fr
PARHPEZ B 95/(95 4-495) M. — ik

B 0.95vy 19y
©0.957+0.05(1 —v) 1+18y’

19
W(y) = —— >0

h(v) (1+ 18)2

1 1
h(7)>§ — 38y > 1+ 18y <— 7>%:0.05.

R HER LS PR S RilR " A2 R — 2 1) F IR KR R A &7
AN AT AL AR A
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P1-06 JeHER R AN
2026 PS1 Q8

point mass A% ; inclusion—exclusion %%/«
A={X>2} 5 B ={X <2} MIFENEMEARZ ], L8N {X =2},

1=P(AUB)=a+b—P(X=2)=P(X=2)=a+b—1.

RIERAES, Wa+b0>1; [t a,b € (0,1]. ANIBPANEEFSHFFBIAN
Kb ARG EHE L BRI X AR

P1-07  A7RRFEAZS ] /Y sigma {05
2026 PS1 Q9; A B T7 it
sigma-algebra sigma ft#; closure #f[#{; atom J5 ¥
sigma UL S, MBAMIRTEOFE M. BARESENS S 0, H

{1} ={2,3,4,5,6} ¢ B,

R A se sigma %L, B —DROICEE. S/NERRER=DRTH Al =
{]‘}aAQ = {2}7143 = {3747576}’ 13?%%)?;%%@%‘%2%]/\0 Jﬂ:;j\:ﬁ 23 =8 /]\%

G

®7 {1}’ {2}’ {37 4’ 5’ 6}7 {17 2}7 {17 37 4? 5? 6}’ {27 37 47 57 6}7 S

AEHCEATR B 5HA BAFE B IRA—IR.

P1-08  A~jg a5 B CDF
2026 PS1 Q5: CB 1.51; 4EkrvkiteE

hypergeometric #8 JL{a]431fi; without replacement ANjilul; CDF 431fi B %L
1. SEfE it .

max (0,4 — 25) < X <min(4,5), FrPACFER {0,1,2,3,4}.

(2lg§§l)7 <%f> — 27405,

px(r) =

Raisetsud1 4



RIE S HBG T BRBESR

PefE—DHEAEARERI, AEEH I U . IRRICA » = 0,1,2,3,4

5E

—

(p(0),p(1),p(2),p(3),p(4)) = ————=(12650, 11500, 3000, 250, 5).

27405
SR 27405, BOAMIA—1k. RITIXLEETR, SERBOY
0 t<0,

12650/27405 0 <t <1,
24150/27405 1<t < 2,

Fx(t) =
27150/27405 2 <t < 3,
27400/27405 3 <t <4,
1 t> 4.
Fx(t)
1 —— &

BRER A B 2% 5 CDF, [H A ESE; 52 1 fJLBHR A, HERf & A BEA
A 5 2 1530 —4 130

EX=4—=—-, VarX =4-- — =04 4.
30 3’ 6630 —1 261 049808

AREHA BREMAIEIE 26/29 S B A S E0H A 5% .
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P1-09 w5 RHES S TR 7
TA1 E6

permutation %1 ; indistinguishable #{[F A1 [X 43 ; block -k

1. 37 AMEE, T e FITAS r & AT X4, ik 71/(212!) = 1260,

2. {teye GIN—DWIE, Flamrr, L5 Y0, Ho r AP, i 5!/2! = 60,
e 5y eI, AREFAIMrEL.

3. I ram. eye S 6 MR, FIF—A> 1 = ADWHAEEAR, fi)
=06, FINFIARES, FEETANALESLEEN.

P1-10 JeksZEndl b il- %
TA1ES8

unlabeled groups To#5r4541; overcounting T 114

1. Wig# 3 A

Jerk—4l (3) =20, (SCHPAURT LR, BreARDA 2!, 53] 10,
2. SATCRRER T

JeHEe N, HEE 2 N—41; BN 2! MR, =412 1E] 3R
[, #x

6!
@
3. %A
(kn)!
(k)nn!”

(RD)™ HEREANTRF, nl MERARHS . FAAEERE, WE 8=, B
B, WABERERLA nl
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P1-11 A S v 8 e 45 116 it
TAT E12; 58 R ¥R 7 40

conditional independence {14137 ; mixture JE A

W F MAUE AT, Hy, Hy WWKIER. P(F)=1/3, P(H, | F)=1; %
ANBTRCAS SR T R SR 2/3.

1 21 2 1/3 1
P(Hl) g + 55 §7 (F ‘ Hl) 2/3 5

S — UL T ESUE TR J5 56 BT, BreA

P | 1) = 50+ 5 (3) = 5

H P(Hp) =2/3, WIEFMTAMAL. GER—EMAEA, Wihsr; ekt
IR MRS, AT . AN TR R RELERE M, B H LAY [ — M

P1-12 NSRAEROY.SJC A F Al i e W]
TA1E14

partition %4} ; conditional independence &4/ 37,
LSRN TR ¢ SR S R RIS
P(ANB) =Y P(ANB|Ci)P(C;)
- Z P(A|C))P(B | C;)P(Cy)
Z B)) P(A|Cy)P(C
- P(B)PZ(A).

AT S E C WAL AT B 54 O Mar; sda—1T RNl
Ho FRPE=ATHEGL, ABEE P(B | Gi) $REDRAS S, L RE M k2
IR .
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P1-13 J\ CDF Pkikis it %

TA2 E8

right continuity #734%; jump BEEK; left limit Z2H R
TR TR BER P(X = 2) = F(z) — F(z7), BrbA
p(—=2) =04, p0)=0.1, p(l)=0.3, p4)=0.2.
FEIKIH (~1,4) 61470, 1, Ffar 4, FIOMEE 0.1+ 03 =04, BT F(4-) -
F(=1)o FMF0 X > 0 MR 0.6; HY -1 < X <1 MWEHAFHRO0, A

0.1 1

B SR AN RE 2 F(1) AE AL, i P(X < 1) 2 F(17).

P1-14  HR B0t &4 S04k
TA2 E9-E11; [d—&¥E k&It

normalization J4—1k; nonnegativity JEfi:; monotonicity Fi 4

1. PMF B8 53 AR 5 LS AAE T 1.
1/k WA AR, AR R R A 26 S R B AL 1
R R U A AT R, s SR G . 58 =S BR BT 20T -

n n

1 1 1 1
Zk(k:+1)_z<k_k+1>_1_n+1_>1'

k=1 k=1

Jir LAE )& 3k PMF.
2. PDF 184 SR B 1

1 1)3 1
1—0/ (:c+1)2dx—c[(x+)} :%éc:z
—1 -1

¢ > 0 fHIEIEf; SCRRANEE N 0.
3. CDF &5 AT - F Ak .

0 (x| > 1IHMERBEECH T, Hoo — oo BT —1; PSS A 5
A F (x) = —4a/(1+2%)° £ o > 0 6, R,

Raisetsud1 8
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Transformations, Expectations and Moments

fHE: CB2e Ch2; A=£1] Chapter 2 %k}

P2-01 [k iy 50 A 28 4
2026 PS1 Q6; CB1.53

support ZF4E; density %% ; affine transformation {5 A5 4

Fy MOFFR, vy > 1 ES402/y >0, 761 AbES:, HIoo5vimk 1. Bk
SRR A TSR A R
2
fy(y) = 731{y>1}'
y
1A BRER, BO%AH S E.
2. ZREAE AR
Y >14%2Z>0, %fz>0,

100

FZ(z):P(Ygl—kE):l—m.

Xfz<0k0, KFHE 200
fz(2) = ml{wo}-

WA f2(2) = fr(1+2/10)/10 X} SR 1/10 R BRI, ARESHN.

Raisetsud1 9
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P2-02  455CE w2 Tk it
TA2E12; TA3E5; CB2.1(b)

rate 22245 Jacobian HEW [ F T
KH7ERN, REN1/T. X >0428Y >3, Hit

Fy(y) = {O =5

1 — 6_7(y_3)/4 Yy > 37

T
fy(y) = 1€ i 3)/41{y>3}'

WA = (y — 3)/4 ITHCN 1/4, PreAEEER fx((y —3)/4)/4, AP 2
Brffepsi. S u=(y—3)/4, dy =4du, BN [§F Te ™du = 1. HAERZEFF
JERRER, ANBEVEH ST 0 T 46 .

P2-03  BUIH5 20 £ %

TA3 E1

Laplace distribution Laplace 431}i; many-to-one £ %f—

Xty <0, MM Xfy>0, FfF (X <yBENT —y< X <y, B

Foy) = [ Leolelgy =1 — ¢=ov
v (y 5¢ x e Y,
-Y

fr(y) = ae” 1,50

WAL 2 =y Ml o = —y AN fx(y) + fx(-y). HILY 2% o,
REE 1o MR R RRE IR fx(y) SRR 1/2, IEiFREE TR
— S A

Raisetsud1 10
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P2-04 {2k ds By Ak idi 32
TA3 E2

inverse branch 437 ; uniform distribution ¥J-)/3 15

1. PieJ5 B fE -
Y=1—(X-1)72% HFHIo<Y <1. f0<y<1,

Y <y <<= | X-1>/1-y.

X P BRI A BE 21 — /T —y], I CIHE 1/2 15

Fy(y) =1-V1-y,  fr(y) =

CDFfEy <0/0, y>1H1.
2. A BB AE SR R

e = 1 VI-y, %0 |des/dy| = 1/[2v1—y], FIABCZAHN
2(1/2)/[2vT —y], 5 EXMFE. BAREELE 1 MDBT IR, Baiih 1 %
FERT 1A R AR, B G iR 0,

P2-05  AEXFRZHF LiP- i i
TA3 E3

piecewise density 7 Be# )% ; LOTUS LR NG R EE
1. JEAEBCSL R PR -

I 0 <y <4, x==xy, BEAJHAHERZ 1/(2,Y). 40<y <1
REAAT: 21 <y <4 HAERATT,

VI3 0<y <1,
() =14y/6 1<y<4,

0 otherwise.

Raisetsud1 11



=H

WL 5 Homys i IBRFfR

&

2. PUMrIN IR RS — BB R T

/

0 y <0,

23/ /9 0<y<l,
Fy(y) =

(1+9%2)/9 1<y<4,

1 y > 4.

\

1IN 2/9, 784 0153 1. BB DA T BURTIAI Fy (1), 2wt
Iy~
3. ANRWT R Ua i v S R g0
2 2 572
o N 2377 o X o 33 11
EY—E(X)—/lx 3dac—[ ]1— .

[ yfy (y)dy 53 A B R R 2521 .

P2-06 MBI ALty %5
TA3 E4

probability integral transform A% F 437454 ; quantile 43V %
X0 <u< 1, BRVEMEAR AT

P(F(X)<u)=P(X < F Yu))=F(F ' (u) =u.
Pismah b 0 #0 1, 1551394 CDF. [, # U ~ U(0,1), 4 X = F~'(U),
i)

P(X <z)=P(U < F(x)) = F(x).

[ T3 2T LA AR 52 B 41 —f CDF Al R I it =t (u) =
inf{z : F(z) > u}. %5 X ~ Bernoulli(1/2), F(X) {ZHt 1/2 fl 1, &KHEH 1/2,
T REIR TSI ) 31T o RSN I AT DAZE WS )3 B A5 1«

Raisetsud1 12
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P2-07 =Ryt 5 S i g
TA3E6. E7; CB224, 2.17(a)

raw moment JiL 4 ; variance J57%; median {7 5§
1. JEoR IS, AR
H—Fh T EXF = fol az®*tde = a/(a+ k). FTLA

®  Bx?2=-% Varx= a

EX = — .
a+1 a+2 (a+1)%(a+2)

CDF 3y 2%, dfiifm il m® =1/2, #im =27 Ya=3, m=2""3 ¥
HIMH 3/4,
2. B A SRR,

1 <& 1 1)(2n+1 2 1
EX:—Zj:n+ Copxeo EDCAD e L
n 2 6 12

j=1
3. RHERTE G DAt .
47 = X =1, MR (=1,1), B 327 /2 X T OXFR, fiPA EZ = 0, EX = 1.
VMX—ET—B/ﬂfM—B
N 2 5

-1

TREARETRIE, RREIE EX? HEM %

P2-08 A F# it A7 %k
TA3 E8; CB2.16

survival function AE77p6%L; memorylessness Joic{Z Pk

1. H:Arei% "5 CDF .
W a>0, F(z)=1-ac™™ —(1—a)e ™™ o <0#HO0,

f(@) = [axe™ + (1 — a)pe " Lm0y

BORDABER o YoPEi A OHHOSI, DU 1 — o MR 02, R SEAM
AHMALFAA SR

Raisetsud1 13
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2. JEiR A RN

Var X = EX? — m?.

ELHEE LA B 0 7 222 IS R R B 22 5
3. Kty A AFHE A T T B
TACIZESE S(t 4 5) = S(t)S(s). Bls=1t>0,

S(2t) — St =a(l —a)(eM —e )2 >0

BN A p BHAERT 0, BICATEICIZ . ARIFEAEAFIRHK SR R AR S 3L
H.

P2-09 M) eR Bt ELAE B4
TA3El11; CB2.30(b,c)
MGEF HiEEpE %L domain of convergence Y ; location-scale 13 ' K J&
1. A5 28 BBy .
Xft#0, 53R

M = 2 /chetwdx _2l(et = et 1)

2 c2t?
TEt =03 L M(0) = 15 271K 0/0 @] A il KRR, g St #
FErE. FABUMRAERE: EXY =2¢/(k+2), it EX = 2¢/3. EX? = c?/2,
5% 2/18. JEIT MGF 53| [ S4k.
2. KU 53 TR AU 8
Y Z =X —a, 180 P 3R
0 00
e

My () = et = [ / 1Bz, / (t—l/ﬂ)zdz]_
2/8 —00 0

P A BREER —1/8 <t < 1/8, BEhf

eat

Raisetsud1 14
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FEORIFN 1+ at+ (02/2+ )P+, M EX =, EX?=a+23%, 2%
262, HARMARGULSIR, RAREVM M52 MGF %%,

Raisetsud1 15
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Common Families of Distributions

{fcHt: CB2e Ch3; Zk2}y] Chapter 3 ¥k}

P3-01 Bk B S 5 kA
P BRI . Quiz 1 7% CB Ch3 43k

Bernoulli trial Bernoulli i%;; binomial —"Jiji; negative binomial /i i

1. Wl iAse k8, Bokdy.

5 B, =3_1I;, EI; =p, Varl; = p(1 —p). Mt 228 0, it EB, = np.
F 2= np(1l —p)e
2. BHEBIR Y], WIBREOATS A I .

PT=t)=1-p)''p, t>1; PW=w)=(1-p)¥p, w>0.

2q=1-p. EEZk>Oq =1/(1-q) X} ¢ KT,

22
2k =g LR

k>0 k>0

Felhp 3 EW =q/p. E[W(W —1)] =2¢*/p*. A

[\

Ew? =2 0 yarw - gw? - (EW)? <.

P p p
T T=W+1, ET=1/p, W& ELN 1 -p)/p*. FREVELHE, REvk
T2

(1=

PT>m+n|T>m)= a—pr

=(1—-p)"=PT>n).

Raisetsud1 16
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3. 4SS r R, dpe e — R AR -
AA w KK, B3 w+r WOAE, Bl w +r — 1 RBHER v — 1 )

w+r—1Y\ , w
P(erw):( .1 )p(l—p), w=0,1,....

T BT T R IEC 2 A, W EN, = r(1—p)/p, F72 r(1—p)/p2.
FRAETIAR T, = N, +r, BEHN r/p.

P3-02 Poisson P ¥%it
TA4 E1l; CB3.7

Poisson parameter Poisson Z4{; numerical root Z{E KR

P(X>2)=1-P(X=0)—P(X=1)=1-e1+N\).

BOR AR T 099, Bl A(N) = e M1+ A) < 0.01, B'(A) = e <0XF A >0
L, H h(0) =1,h(c0) =0, FrAZRBIMEME—, BEM e M1+ X) =0.0115
Ao ~ 6.63835207, [HILZE® \ > 6.63835207. 1E#F 6.64 AL . “KTF 99%” it
JIFIRTA], A e/ N SR, 6.63835207 2 FELLRL; AP s il
B, NIRRT,

P3-03 ZF#kW Poisson
TA4 E2; CB3.13(a)

zero truncation E#; conditional PMF 2% {4 JFi - pR £
4 q=PX >0)=1—e, ZHELERITFHMMERIA ¢

e M \k

P =k) =

k=1,2,....

CDFfEy <150, fEy > 1% q te > S Ne/kl. Ty 0 kK —
W TR O,

2
EyziEX:A, EYQ:)\+/\,
q q q
Y )\2 —A
VarY = — — 62 .
q q

Raisetsud1 17
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0<q<1HEY >\, BB DA IES PR A9 RS M A/ (1— P(X = 0))
R, R B T4 05 — BT R A0 4 PR IR

P3-04 5t i R IR

TA4 E3; CB3.12
stopping time {5* |EH{ %] ; tail probability 2%

F T > n FORENE n IRESHRAIRERE r NI, SFEMTH n KD 2
Zr—11k. Hik

P> m =3 (")

7=0
I, Ty =t ZORAT ¢ — LA r — LYOSEh . e — U0

t—1
r—1

P(Tr—t)—< )p’"(l—p)t_r, t=rr+1,....

BRI FR B 52, () (= p)t T T Ny =Ty —
P(N, > k)= P(Byyy <7 —1), k>0.

LA P(Ty > n), ANAREHT n — 1 IRIGTEG R S A S A0
.

P3-05 Poisson Fikk S50k ki

TA4 E4

thinning f#%%; conditional binomial Z&{f 15

HERBN =nJoAH IR My=0,1,...,

oo

Paf=40=:§:<z>#%1—PV“3A2:

n=y

::e—A(APF’ﬁii[A(l—-pﬂ"l

|
0 m:

_ €_>\p (Ap)y )

Raisetsud1 18
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B AT m=n—y; FATHIEBRGE. HILY ~ Poisson(Ap). Afil¥{E 0.2,
FiPA P(Y = 1) = 02792 = 0.16374615, P(Y > 1) = 1 — e %2 = 0.18126925,
P(Y <1) =1.2¢7%2 =0.98247690, AHEHEREE N = EN = 10 FEH 10401 5
FEALEBOR A G i c el As .

P3-06 s 5 Gamma %
TA4 E5

Gaussian integral F 4> ; polar coordinates #; Ak #5; Gamma function Gamma pE%

BT = [pe ™ dv >0, EHBITTSHUST, BAFRHTRE T r:

2w oo 1
I? = / e @) dpdy = / / e rdrdd =2 = =7
R? o Jo 2

I = i, BUFREFRABUNAT. & u = 2/vV2, {385 V2r; 4 2 =
(z—p)/o, 18530 ov2r. =R de™/2) = —ze " 2dx 43R

/ 22e 2y = [—we /2> 4 / e " dy = \/2r.
R R
Gl t =42, dt =2udu,
num:/ tme%:2/ e du = /.
0 0
HEEARARIA TGt r, RIEEHA R 0.

P3-07 Gamma. i85 KIS E kR

TA4 E6

scale RU¥; shape JEIR; chi-square K775 degrees of freedom H H i

1. {25 Gamma 45y

Mx(t) =

P(al)ﬁa /OOO 2 e BTy — (1 - By, 1< 1/B.

Raisetsud1 19
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FORIFEORM AR T . K315 M'(0) = aB. M"(0) = ala+1)8%, BTN
ala+1)5% —a?B? = af?. a=1WHEN e /P58, WREE B, F1/5 MHEESY
?ﬁ, HIGME B, T2 B2

ib\:l:jjm I_]ﬂ!:ﬁmﬁ}

B(e!??) = —=222, — (1 —26)7 V2 < 1/2.

7 e
PhSTAEA MGE 3l

My (t) = (1 —26) /2.

&9 Gamma(v/2,2) ) MGF 7£ 0 ffhiE—80, Al x5, Bl v, K2 2w,
3. TS B |E P A7 ¥

HEN=1/B0F, WA A2~ e /T (a), BH a/A. 5% a/X?. N(0,1)
HoBRNITE — N (n,0?) FIRIEEN o

P3-08 Gamma Z4§I6HE] 55 Poisson /K%L
TA4E7; CB3.19

waiting time ZEf5H[7]; Poisson count Poisson 14

Gamma %R t" et /(n — 1) & RS So(x), 23R4T

n—1
A%uazawélly+&1g) Si(x) =e*
Bk, .
_HGW>@:ex§:?::HN¢§n—U.
j=0 <"

530 11 Poisson I FEHAEREALEN L, G 25 n IREIIEZ], Ny 2« ZHl
AIENAAE . “5n POEBR” 5 “BREZ n - 1R ZR—%HEf. 4RHEY]
AR ST > W e
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P3-09 JREZE A 5 Weibull
TA4 E8; CB3.24(a)

Weibull distribution Weibull 437f; raw moment Jii 25 40
Y >0, HERHPERREE. Xy >0,

Fy)=PX<y)=1-e¥P  fy(y) = ﬁ’wlﬁWB

R H W, Weibull 53 1 — e~ W/M7 Skl v, REEN n = Y7, REHBE%ST

@™

EY* = EXM = ; / e g = GT(1 + /).
0

F
Y =80T (1 +1/),

VarY = %7 [D(1+2/y) —T(1+1/7)?].
= 1 MBI RE B a8, AT
P3-10 E&bsdAl. XI5

L IRE IS AR R

standardization Frififk; standard deviation Frifi2%; percentile /3741
1. M BEAbRE:

N(p, o) M =S8 25, i p = 100,0% = 225,0 = 15, frififk Z =
(X —100)/15 ~ N(0,1), WIEIGMRIRMEZEA M 2Z5T 1,

2. S S bR AL -

P(85 < X <130) = P(—1 < Z < 2) = (2) — &(—1)
= 0.97724987 — [1 — 0.84134475] = 0.81859462.

LA i AR SRR O, B DAS BL™ A% -5 4R A i il AN AR SR

P(X >115) = P(Z > 1) = 1 — ®(1) = 0.15865525.
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3. B IR I 4R 5
90 H i wo.0 Wi e P(X < x09) =0.9, FrPA

0.9 — 100
15

W DA 225 S BRI AR B ) )y 2278 1 225/225% = 1/225, RT@FRIEES.

= 1.28155157 = xo.9 = 119.22327355.

P3-11  %EOE AN % S5

TA4 E9

lognormal X{%{IE#; normal MGF 1E &SR pR £k

WA 2 = Iny, Fry >0, HETHH 1y, Hitt
Iny — p)?

. [_( ) ] '

202

1
fy(y) = oo ex

ST EIHk, YF =M {fi ] IF4 MGF:

ko

2 2
EYk:MZ(k):exp<ku+ 5 )

2

EY = et 2 py? = 2200 yary = 2497 (77 1),

R R P(Z < p) = 1/25 EAE S H. AR e 2 Eg(2) =
( Z)o FrAWAFAEA TR O S K MGE fE IR ¢ A7AE, PR AR .

P3-12 Beta 4t 5%
TA4 E10; CB3.22(d)

Beta function Beta pi#{(; normalizing constant IIH—{k# %L

laotk1(1 — 2)B1dy _ Bla+Fk,p)
Fo) Bla.p)

KRk, REH T(a+1) = al(a) TN [1=5 (@ + §)/(a+ B+ j).

EXF =

ala+1)
(a+pB)(a+B+1)

, EX? =
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A S
af
(a+B8)*a+B+1)
MWSEII N1, B(1,1) =1, BEA (0,1)EH 1, BIUO0,1), HfE1/2,
1/12, b4t B A Beta {955 —FEMRS%L, 5 Gamma fRE ?%*HI_HE/‘XT H

Var X =

P3-13  Cauchy WyxRR Al A7k 21
HES %0 Cauchy; CBCh3

Cauchy distribution Cauchy 437fi; principal value F:{f; absolute integrability £ X} n]FH

B4R [arctan /7| = 1. {H

R In(1 + R?)
/0 xf(z)dx = oo
ﬁ#%ﬂﬁé’éﬁi@kmﬁﬁi IJHSIEiB J\jﬁﬂ;ﬁ‘iéii@ﬁ% EX 2ARE X 00— o0,
AEICH 0. XTFREMT imp oo [T 2 f(2)dz = 0 JUR Cauchy T2 HIHZKIE
ﬁ*ﬁf Bl 55 . i EX? = oo, H%{ET@T, AR A BT 225 AR,
HESEDME 0. Jy 2 T095 1l IE S -
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an WA SRR

Joint Distributions and Conditional Moments

fHE: CB2e Ch4; A=#1] Chapter 4 %} pp.1-31

P4-01 WeAYHERR. ARG A
Chd Part] SR bH} S AHIAE T B L)

joint B4y ; marginal #1F5; conditional variance 451475 22

BATRAS P(X = 0) = P(X = 1) = 0.5; #IRME PY = 0) =
0.3, P(Y = 1) = 0.7, 57, VA p(0,0) = 0.5(0.3) = 0.15, 52k 0.2, FiLAA
7. BA (1, 1) MR IEERT, i E(XY) = 0.4; EX EY = 0.5(0.7) = 0.35

WEHE A,
04

PX=1|Y=1)= %=

TS

oMo A BEBR DU Il i 28 1 i B
BEX =0, PY =1] X =0) =03/05 =06; 5% X = 10N
0.4/0.5 = 0.8, &~ Y & Bernoulli, [A It

0.6 X =0, 024 X =0,
EY|X)= Var(Y | X) =
0.8 X =1, 0.16 X =1.

Pi e X BUEAAL LA &, A AN EEE R A 0.5(0.6) +
0.5(0.8) = 0.7 = EY, TEIX/FEHRXIHL .

P4-02 =M XFe S48
Ch4 Partl bl 0 <z <y < 1=

joint support B4 37 4%; conditional density 25 {F% %

1 Jemi y =z BJi. SARLIETTBNR =B .
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H12fmE2 /1. FHEr, yMaeH1; FEEy, 2 N0FH y:
fx(x)=2(1-2),0<z<]; fry) =2y, 0<y<1.

WA AR AR S EAR, B fxfy #2, FrRAARISE.
2. AP B MIER AL .

P(X <1/2) = /1/2 2(1 —z)dx = Z,
0

1/2 l-z 1
P(X—I—Y<1):/ / 2dydm:§,

E(XY) //2xydxdy—/ 3dy—f

3. Ml —AMH, JEfeEe, wH—1t.

1 1
fxiy(@|y) = *1{0<m<y}a frix(ylz) = il{x<y<1}-

Kk X | Y =y ~ U0, ), MﬁFiQﬁy/? F%y 12 Y| X =2~ Ula, 1), %
PRI (1 4+ 2) /2, J72 (1 — 0)?/12. SE S mAr P, 0, Z Rk 1
SERE LTS BRI DA P(Y = >—oo
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P4-03 Iptfy CDF LM%
Ch4 Partl ()4 CDF Jy vkl
joint CDF B &40 i k% ; mixed derivative & &S
K AX <b,Y <d} i iih {X <a,Y <d} 5 {X <bY < ¢},
Je R A SR e, 455
Pla< X <bec<Y <d)=F(b,d) — F(a,d) — F(b,c) + F(a,c).

TESC RN AN f(z,y) = e B fx(z) =7, fy(y) = 7Y, 3FF
z,y > 02 EAN, WEATE, BTUAMRSL.

P=(1—-eNe! —e?) ~0.14699594.

IR JE A T VAR 5 R, 562503 CDE A BT, —
UEI € CDF A0/F00 R FAT R TS 20k 60, R B LR o B

P4-04  AHIRIAER A A RERh @ B £ Al
Ch4 Partl 4t 2 f6i: (U,U) 5 (U,1—-U)

singular joint distribution @} B £431i; marginal information 71 F5x15 B
WiRMEER) X, Y bR U(0,1). (HEE—Fh

Fi(z,y) = P(U < min(z, y)) = min(z, y),

o b

Fy(z,y) =P(1—-y<U<z)=max(0,z+y—1)
ERRTE T TEEST . Bl () = (1/2,1/2), Wifh CDF Ky 1/2 #10, Miflisriy
Iy CDF W2 xy = 1/4, FrARRASISL . S—Fh iR P i L y = =, %
TR y = 1 — o, XU T HERAUN 0, AL AR A BTN
¥R 0, AATREPAEARA 1. IS KT —4eim ARk & PDF, B
BN S L .
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P4-05  phZf o B i eI &
Ch4 Partl 5052 B )7 Bk 4
reconstruction F 7 ; shifted exponential “FF5 5%
1. Jeseiibr 2500, PR A S FePIil .
fx(@)==ze™®, fyix(y|z) =1/ 0<y<zWl5L, FrPA

Ixy(@,y) = e "Locycn-

2. W y i, z BAKT yo

f = - “Pdr = e Y, > 0.
= [Tesiemen
Y @R 1 fegoe s, m&ih

(z—y)

fxy(@|y)=e" Liasyy,

Bl X |Y =y 5y +Exp(scale 1) [f41f, &MA8MEy +1. Ik 1.
3. 55 2R A 3 AP s

EY | X =x)=x/2, Var(Y | X = z) = 2?/12. $fHZX E[E(Y | X)] =
EX/[2=2/2=1=EY. NRERNKRAEE LG e BRI y giE sz,
BRSO A K

P4-06 fpe/MEmIor A s FEAR G i 158
2024 $pigs it ¥ Q3(a) BYRLR A

minimum #/|ME; independent sample Jli37#£74%; order statistic ¥ F4E

1. e/ MEADE © SE 0 T AR o

P(M>z)=P(X1>x,...,X,>z) =[]l - F(a)] = [1 - F()]".
j=1

P
Fy(z)=1-=[1=F@)]", fu(e)=n[l - F@)]"""f(2).
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PSRRI B A R AR A TR A — A B . AR
BN WL, REE e X > 007, #EP(M > 2) =™, M FEnl, R
JE1/(nA) WHRRESE . S P BRASF RN TR R, 39MH 1/ (n) AIFEDT A -
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English Solutions

P1-01

Equality would force each probability to be 1/3. Equality of zero and two heads
gives u + w = 1, but then uw < 1/4, contradicting uw = 1/3. No such indepen-

dent coins exist.

P1-02

The intersection is atleast 1,/12, so the events cannot be disjoint. The union bound
guarantees an all-hit probability of at least 0.1. With independence, the proba-
bility of at least one hit is 0.973.

P1-03

P(T > 5) = (5/6)5. It imposes no condition on roll six. In contrast, P(T = 5) =
(5/6)%(1/6) requires success on the fifth roll.

P1-04

The posterior probability of a sent dash given a received dash is 32/41. Given a
received dot, the posterior dot and dash probabilities are 27/43 and 16/43. For
two independent uses the four sequence probabilities are 729, 432, 432, 256, each
divided by 1849.

P1-05

The positive predictive valueis 19/118 ~ 0.161017. For prevalence yitis 19v/(1+

187), an increasing function. It exceeds one half exactly when v > 0.05.

P1-06

The events cover the sample space and overlap at X = 2. Thus P(X = 2) =
a+b—1landa-+0b>1.
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P1-07

The family is not a sigma-algebra because it omits the complement of {1}. Its
generated sigma-algebra consists of all eight unions of the three atoms {1}, {2}
and {3,4,5,6}.

P1-08

The PMF is (*)(,°))/(*)) for z = 0,...,4. The CDF is the right-continuous cu-

mulative sum of these masses. The mean is 2/3 and variance 130/261.

P1-09

The counts are 1260, 60, and 6. Divide out repetitions of identical letters, and

treat each required consecutive block as a single object.

P1-10

There are 10 partitions into two triples and 15 into three pairs. In general the
count is (kn)!/[(k!)"n!]. The two denominator factors remove within-group and

between-group order.

P1-11

The posterior probability of the two-headed coin is 1/2. The next-head proba-
bility is 3/4, exceeding its unconditional value 2/3. The tosses are conditionally

independent given coin type, but not independent marginally.

P1-12

Expand P(ANB) over the partition. Conditional independence factors each sum-
mand, and independence of B from C; replaces P(B | C;) by P(B). Total prob-
ability then gives P(AN B) = P(A)P(B).

P1-13

The masses at —2,0, 1,4 are 0.4,0.1,0.3,0.2. The requested probabilities are 0.4
and 1/6. Open endpoints require left limits when a CDF jumps.
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P1-14

Only 1/[k(k + 1)] is a valid PMF. The first series diverges and the second has
negative masses. The PDF normalizer is ¢ = 3/8. The proposed CDF is invalid
because it takes negative values, has the wrong limit and decreases for positive

x.

P2-01

The CDFis valid and fy (y) = 2/y® fory > 1. For 2 > 0, Fz(z) = 1—-100/(2+10)?,
with density 200/(z + 10)3; both vanish below the support.

P2-02

Seven is the rate. The supportis y > 3, the CDFis 1 — e~ 7w=3)/4 there, and the

density is (7/4)e~7(=3)/4, Tts integral is one by the inverse change of variables.

P2-03

Y is exponential with rate o and scale 1/a. Its CDF is 1 — e~ for y > 0. Both
inverse branches contribute to the density.

P2-04

The supportis [0,1]. For0 <y < 1, Fy(y) = 1—+y/1 —yand fy(y) = 1/[2y/1 —y].
Both inverse roots lie in (0, 2) and must be included.

P2-05

The density is \/7/3 on (0,1) and \/5/6 on (1,4). The CDF is 2y*/2/9 then (1 +
y*/2)/9. The mean is EX? = 11/5. The negative inverse branch disappears once
y> 1.

P2-06

For0 < u < 1, P(F(X) < u) = P(X < FYu)) = u. Conversely F~1(U)
has CDF F. A Bernoulli variable gives a two-point F'(X), so the unconditional

statement fails for discrete distributions.
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P2-07

The first distribution has mean a/(a+ 1), variance a/[(a+1)?(a+2)], and median
2-1/2_ Discrete uniform mean and variance are (n + 1)/2 and (n? — 1)/12. The

final symmetric distribution has mean 1 and variance 3/5.

P2-08

The distribution is an exponential mixture. Its first two moments are a/\ + (1 —
a)/pand 2a/A? + 2(1 — a)/p?. Subtract the squared mean for variance. Unequal

rates violate memorylessness because S(2t) > S(t)%.

P2-09

The bounded-density MGF is 2[(ct — 1)e + 1]/(c*t?) with value 1 at zero, and
exists for all real ¢; its mean and variance are 2¢/3 and ¢?/18. The Laplace MGF

is e /(1 — 3%t?) for |t| < 1/8, giving mean o and variance 23°.
P3-01

A fixed trial count gives a binomial success count. Stopping at the first success
gives a geometric trial count on 1,2, ... or failure count on 0, 1,. ... Stopping at

success r gives a negative-binomial failure count; the final trial must be a success.

P3-02

Require e (1 + A) < 0.01. This expression is strictly decreasing for positive A,
with unique threshold 6.63835207. Any greater value works; 6.64 is a practical
choice.

P3-03

Divide the positive Poisson probabilities by ¢ = 1 — e~*. The mean is \/q and

variance \/q — A\2e~*/¢?. Removing zeros raises the conditional mean.
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P3-04

Not reaching success r by trial n means at most r —1 successes among those trials.
The PMFis (*~1)p"(1 — p)*~". Shifting by r gives P(N, > k) = P(Bj4, <1 — 1).

P3-05

Summing the conditional binomial probabilities over the Poisson count gives
Y ~ Poisson(Ap). For mean 0.2, the probabilities are 0.16374615, 0.18126925
and 0.98247690.

P3-06

Squaring the integral and changing to polar coordinates gives I? = m. The three
real-line integrals are v/27, ov/27 and v/27. Substituting ¢t = u? in the Gamma
integral gives I'(1/2) = /.

P3-07

The Gamma MGF is (1 — gt)~* for t < 1//3. Shape one is exponential with scale
B. A squared standard normal has MGF (1 — 2¢)~/2; summing v independent

squares gives Y2 = Gamma(r/2, 2), with mean v and variance 2v.
q g Xv

P3-08

Integration by parts gives the survival recursion and hence e~ E;‘;& z7/4!. This
is the probability of at most n — 1 Poisson arrivals by time z, equivalently waiting

beyond x for arrival n.

P3-09

The CDF is 1 — ¢7¥"/# and the density is (v/8)y""'e™¥"/%. Weibull shape is ~
and its usual scale is 5!/7. Moments follow from EY* = ¥/ (1 + k /).

P3-10

The standard deviation is 15, so use Z = (X — 100)/15. The probabilities are
0.81859462 and 0.15865525. The 90th percentile is 100 + 15(1.28155157) =
119.22327355.
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The density includes the inverse Jacobian 1/y. Moments are EY* = ehutk?a®/2,

2

. 2 . 2 . .
The mean is e#+? /2 and variance e?*t7 (¢~ — 1). The value e* is the median,

not the mean.

P3-12

The raw moment is B(« + k, 3)/B(«, ). The mean is a/(« + ) and variance
aB/[(a+ B)*(a+ B+ 1)]. Beta(1, 1) is uniform on (0, 1).
P3-13

The density integrates to one. Its positive and negative first-moment contribu-
tions both diverge, so the expectation is undefined. Symmetric principal value

zero is not an expectation. No finite variance exists.

P4-01

The marginals are (0.5, 0.5) for X and (0.3,0.7) for Y; they are not independent.
E(XY)=04and P(X =1|Y =1) = 4/7. Conditional means are 0.6,0.8 and

variances 0.24, 0.16, whose mean check gives EY = 0.7.

P4-02

Marginals are 2(1 — z) and 2y on (0, 1), and the variables are dependent. The
requested probabilities and product moment are 3/4, 1/2 and 1/4.
The conditionals are uniform on (0,y) and (x,1), giving their means and vari-

ances directly.

P4-03

The rectangle probability is F'(b, d) — F'(a,d) — F(b, c) + F'(a, ¢). The PDF factors
as e e~ Y onaproduct support, so the variables are independent. The numerical

probability is approximately 0.14699594.
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P4-04

Both pairs have uniform marginals, but joint CDFs min(z, y) and max(0, z+y—1)
on the unit square. Neither is independent. Each joint law is concentrated on a

line, so neither has an ordinary two-dimensional PDF.

P4-05

The joint density is e on 0 < y < x. The marginal Y is exponential with scale
one. Given Y = y, X is y plus an exponential variable, with mean y + 1 and

variance one.

Given X = z, the conditional mean and variance of Y are x/2 and 22 /12.

P4-06

The survival probability of the minimum is [1 — F'(z)]", giving CDF 1 — [1 —
F(z)]"™ and density n[1 — F(x)]"~! f(x). For exponential inputs, the minimum is
exponential with rate n\.
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