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Probability, Counting and Distribution Functions

fiktii: CB2e Chl; A2 Chapter 1 ¥1k}

1.1 RSl R Sk

Experiments, events and probability
PRINCIPLE S5 SOREA AN, PR AR Ll

BEALIRTS (random experiment) (1) 4x ] BELE RAY MAE A 25 [H] (sample
space, S). Hff (event) ZAI YK THERILERES . FHFHELIIEL N sigma 1
#( (sigma-algebra, B) : % S. ¥#ME (complement) S5A[%{Jf (countable
union) HFA, H AT ER B . AR BT R (atoms, BIRRERIS
PRI — 2 XA AR ZS AR ) BT A SR i i iR

BEFMFE (probability measure, P) i £ fitE. P(S) = 1 FREal
(countable additivity ) : HARMAFHHF MRS T2 F. B (disjoint/-
mutually exclusive) B2 N%S; Mz (independent) fiiAfEFRE XA,
P AN 7] 3] o

P(A°) =1— P(A), P(AUB)=P(A)+ P(B)— P(ANB),

P (U Ai> <> P(4), P(ANB)>P(A)+P(B)-1.

4 LS (unionbound ) AR ; T “&FPMI” Borhhy “ 2= b—AK
W JEHHA . SRR (equally likely model) 4 7[5 P(A) = #A/#S, N
REEAE BN A AR 25 SR 28 0 24 VR 45 AT BEAEAS Ao

1.2 HESIAL & Sl rEBL

Counting and sampling mechanisms

PRINCIPLE SRR NUT . 2miE, sg2mmE, Hikak.
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HEF (permutation) 3¢/, 414 (combination) ANiCgIF . n ASANHE
SHREFFAEHS A nls 3k DRFEXRGTCTFEN () = nl/[k(n—k)!]. &
BFTEARTTIAE, B AR R B0 e R IESE h I 7 Hem Sl
AR, A e A ES,

Tf! K TR LR N = (kn)!

B TR =

Johi% (unlabeled) 432HiA T B 45 4 A2 ¥t B T4 5 AT [l S8 A4 PR
BEFR . ToHCmldhAE (sampling without replacement) MAE 52 IR, F=A4:
JUTBEZ s b Szl o] EL MR8 [ 5 B A R P 38 . T80 o BN 43
WhZ R[] — PP 142

1.3 &A% . 4if#% 5 Bayes

Conditioning, total probability and Bayes’ theorem

PRINCIPLE  SEERREMI I, FERIT 2 A ] Rk

ZAHE% (conditional probability) J27ECLHI B KA JEkFHEAS 23 (8] HOEHIH—
tk: P(A| B) = P(ANB)/P(B), %3k P(B) > 0. X4 (partition) j2—4HJF
HAEm AR B Ci.

P(A) =Y PA|CIP(C),  P(C;| A)=

Jei (prior) P(Cj) FomUEEHIRTIAES; IR (likelihood) P(A | Cj) 3
TN E RS s 55 (posterior) P(Cj | A) @M JG TR HZEE
Wi . Bayes & HLl i B SR TEHEA RO M 251, ANEEETE P(A | B) 4
P(B| A).

i A g (prevalence) J25EE0; REUE (sensitivity) &5 BHM:A; F¢
SEE (specificity ) 2 (i A BAMER , BPHMERZ 1 047 . BTN (positive
predictive value) &P 5 AR EE:, RIS MER .

MArfk: P(AN B) = P(A)P(B) fEIEMERLMFEMT P(A | B) = P(A).
#Ams7. (conditional independence) i P(ANB | C) = P(A | C)P(B | C).
S 7] R RN A] R A 45 7 AP ST WL INAE I Bm AR, N REJETR A PRI AH
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. ZAFHFMPIAL (pairwise independence) AN B B Hi A H 57 (mutual

independence) .

1.4 BEHLAE H Ao i

Random variables, PMFs, PDFs and CDFs
PRINCIPLE CDF &i—gH 5184 BERBSMRE, ~2 8%,

fEHLAs & (random variable, X ) fEFEASGE RMLEH 5% H 7 (distribu-
tion/law ) ULAHARZE AN 43 Be B . SCHREER (support) 05k ] H B HUE S
PRSI T P ity ssE 5 NS AR Ay, E BRI A R 200

B BRI L (probability mass function, PMF) p(z) = P(X =
x) B BN 1o X S A% B 4L (probability density function,
PDF) f(x) 4kt Bk 1, KIEMERE TR, AR 05 B KT 1. 4
ffif % (cumulative distribution function, CDF) 4—E X h F(z) = P(X < ),
JE. AL, PR R R 0 i 1.

Pla< X <b)=F(()—F(a), P(X=2xz)=F(x)—F(z™),
P(X <a)=F(™),  f2)=F(x) (AxtESILTRL) .

Zit PR (left limit) F(z~) ANU$E o 5 Bal CDF kIR I 1% i & .
HTER AL (survival function) S(z) = P(X > ) =1 — F(x). MR
%, ek, IH—4ks CDF $ERT, FIMEMRR A2 Ura B LDEHE ) R !
SEAT AT RER

Raisetsud1 3
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1.5  JESChka A

English Definitions and Principles

1. Experiments, events and probability

A sample space contains the outcomes of an experiment. Events belong to a
sigma-algebra, which contains the full space and is closed under complements

and countable unions. In a finite space, all unions of its atoms form such a family.

A probability measure is nonnegative, assigns one to the full space and is count-

ably additive on disjoint events.

Disjointness is a set relation; independence is a probability relation. Complemen-
tation, inclusion—exclusion and the union bound do not require independence.
Counting favorable outcomes divided by all outcomes is valid only when the

chosen elementary outcomes are equally likely.
2. Counting and sampling mechanisms

Permutations retain order and combinations ignore it. Repeated indistinguish-
able objects require division by their multiplicity factorials. Required consecutive

strings can be treated as blocks, subject to overlap checks.

Unlabeled equal-size groups require division both for internal order and for ex-

change of entire groups; labeled groups do not require the latter factor.

Sampling without replacement changes subsequent success chances and leads
to a hypergeometric count. Independent fixed-probability draws lead to a bi-
nomial count. Numerator and denominator in a counting probability must use

consistent ordering conventions.
3. Conditioning, total probability and Bayes’ theorem

Conditional probability restricts and renormalizes the sample space. A partition
consists of disjoint events covering it. Total probability sums the contributions of
all possible types; Bayes” theorem reverses a conditional direction through joint

probabilities.

The prior is a type probability before observation, the likelihood is the observa-
tion probability under that type, and the posterior is the updated type probabil-

ity.

Raisetsud1 4



HERiE S HOnSE A ) it

In screening, prevalence is the prior, sensitivity is the true-positive rate, and
specificity the true-negative rate. The positive predictive value is a posterior, not
sensitivity. Conditional independence does not imply marginal independence

when observations share an unknown type.

Pairwise independence also need not imply mutual independence.
4. Random variables, PMFs, PDFs and CDFs

A random variable maps outcomes to numbers. Its support specifies feasible
values. A discrete PMF assigns nonnegative point masses summing to one. An
absolutely continuous PDF is nonnegative and integrates to one; interval proba-

bilities are integrals and point probabilities vanish. A density may exceed one.

The CDF is P(X < z) for every distribution. It is nondecreasing, right-
continuous, and has limits zero and one. Its jump is point mass, while the left
limit excludes that point. Survival is 1 — F'(z). Always validate a proposed
distribution before using it; differentiating an arbitrary function does not make
ita PDF.

Raisetsud1 5
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P1-01  WiAScn g1 £35S0 1k i £
2026 PS1Q1; CB1.6
independence i/ % ; sample space FEANZ[A]
Two independent coins have head probabilities u and w. Let X be the number

of heads. Can P(X = 0) = P(X = 1) = P(X = 2) hold? Prove your answer,

allowing biased coins.

Raisetsud1 6
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P1-02  FAEAIZR S i dr
2026 PS1 Q2. Q7; CB1.13

union bound 4 55 complement #hF{4:
1. If P(A) =1/3 and P(B¢) = 1/4, can A and B be disjoint? Give a numerical
bound.

2. Three missiles each hit with probability 0.7.

Without assuming independence, give a guaranteed lower bound on the
probability that all hit.

3. If the three hits are independent, find the probability of at least one hit.

Raisetsud1 7
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P1-03  BREIE XK 6
2026 PS1 Q3; CB1.26
first success )i ; geometric distribution JLAT 23117
A fair die is rolled independently until the first 6 appears. Let T' count all rolls,

including the successful roll. Find P(T" > 5), and explain why P(T = 5) is
different.

Raisetsud1 8
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P1-04  aiRiRES 5 R g4l
2026 PS1 Q4; CB 141

prior 4 ; likelihood {Bl#k; posterior J5:; total probability 444

Dots and dashes are sent in the ratio 3 : 4.
A sent dot is received as a dash with probability 1/4, and a sent dash is received
as a dot with probability 1/3.

1. Given a received dash, find the probability that a dash was sent.

2. Given two received dots, find the probabilities of all four possible sent se-

quences.

For this part assume independent source symbols and conditionally inde-

pendent transmission errors across uses.

Raisetsud1 9
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P1-04 Working space
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P1-05 52 Wy il £ 15 AL i 4
2026 PS1 Q10

sensitivity REGEE; specificity 7 ; prevalence HJHR
A disease has prevalence 0.01. A test has sensitivity 0.95 and specificity 0.95.
1. Find the probability of disease given a positive test.

2. Replace prevalence by .

Derive the posterior as a function of v, prove that it increases, and find the
threshold at which it exceeds 1/2.

Raisetsud1 11
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P1-06 JeHER R AN
2026 PS1 Q8

point mass A% ; inclusion—exclusion %%/«

For an integer-valued random variable, P(X > 2) = a and P(X < 2) = b. Find
P(X = 2) and the constraint implied for a + b.

Raisetsud1 12
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P1-07 AjPREEAZ W] L 1¥) sigma 0%
2026 PS1 Q9; A pi AR ACH i R
sigma-algebra sigma 1C4{; closure #[1%:; atom 7T

Let S ={1,2,3,4,5,6} and

B={S,o {1},{2},{1,2},{3,4,5,6}).

Is B a sigma-algebra? If not, identify a failed condition and write the smallest

sigma-algebra containing it.

Raisetsud1 13
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P1-08 Al S5 B CDF
2026 PS1 Q5; CB1.51; 4Ky ki
hypergeometric # JL{i]4377; without replacement Al [a]; CDF 4377 R %L
Among 30 microwave ovens, 5 are defective. Select 4 uniformly without replace-
ment. Let X count defective ovens selected. Find the support, PMF and complete

CDF, and sketch the CDF. Also find its mean and variance using the hypergeo-

metric formulas.
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P1-08 Working space
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P1-09 @&z BEES] S
TA1 E6
permutation %1 ; indistinguishable #{[F A1 [X 43 ; block -k
Using exactly the letters a,e,e,m,r,1y, count distinct arrangements (a) without

restrictions; (b) containing the consecutive block “eye”; (c) containing both con-

secutive blocks “ram” and “eye”.

Raisetsud1 16
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P1-10 JeksZEsndl b )il %
TA1ES8

unlabeled groups Jobp454H ; overcounting #4214k

Count the partitions of 6 distinct people into (a) two unlabeled groups of 3; (b)
three unlabeled pairs. Generalize to kn distinct people divided into n unlabeled

groups of k people.

Raisetsud1 17
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PI-11 SR BV i ey A5 PE A i
TALE12; 55 RBH AT kI8
conditional independence {14137 ; mixture JE A
One of three coins is chosen uniformly: two are fair and one has two heads. The
chosen coin is tossed twice. Given that the first toss is a head, find the probability

that the coin is two-headed and the probability of a head on the second toss. Are

the tosses independent before observing the coin type?

Raisetsud1 18
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P1-12 IFRAF A S JC 5 A Al e W]
TA1 E14

partition %]43; conditional independence £ {37

Let {C;} be a finite or countable partition with P(C;) > 0. Suppose A and B
are conditionally independent given every C;, and B is independent of each C;.

Prove that A and B are independent.

Raisetsud1 19
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P1-13 J\ CDF Bkikis it

TA2 E8

right continuity £7#4E; jump BkEK; left limit ZEAK R

The CDF is

/

0
0.4
0.5
0.8
1

T < =2,

—2<z<0,
0<z<1,
1<x <4,

T > 4.

Find the PMF, P(—-1 < X <4),and P(-1 < X <1| X >0).

Raisetsud1
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P1-14 &R B A EYE S H—1
TA2 E9-E11; [il— &kt ik &t
normalization J4—1k; nonnegativity Efi:; monotonicity Fii 4
Determine which functions can define probability laws, giving reasons.
1. Forintegers k > 1: 1/k, (—1)**1/(kIn2), and 1/[k(k + 1)].
2. Find cso that f(z) = ¢(z +1)? on —1 < 2 < 1is a PDF.

3. Can F(z) = (1 — 22)/(1 + 2?) on the real line be a CDF?

Raisetsud1 21
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P1-14 Working space
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Transformations, Expectations and Moments

fitii: CB2e Ch2; A2 Chapter 2 ¥Ek}

2.1 BRECEIREARPE S Ry T

Transformations: support before algebra
PRINCIPLE 4320 SCARM VR FE IR SR, HE AT ELERCAE XA

A4 (transformation) V' = g(X) [r]—MEEPLAEREHKL. Fil ik
A g BIEIR, W5 Fy (y) = P(9(X) <y), LFARER X BRE, Kk
So BRSNS S O ) Py dEXHESEZ A — (many-to-one) pEELH]
e R

)= > [fx(@iy)

Jiai (y)WAT

dz;(y)
dy |’

L @ (y) 2oy (inverse branches). HERILLIH 1~ (Jacobian factor) ¥f
RO R AR A A, PRI A A BCR AT 2 . A y IR A4 3
SCRHTTREAR AL, s B, BIANSSCRE (—1,2) RAPPI A, 0 <y < 1AW
3, 1<y <4 HFNE.

XY =aX +b,a#0, BER fx((y—0b)/a)/lal. ERNAAESHRE M.
BUrh 1. CDF fHEIELE . HESRASRAEA IR i s A 1458 B U] s SO RS 301 o

2.2 S8R B A
Quantiles and the probability integral transform
PRINCIPLE MR BRI, R IR .

ikt (quantile) 7 E K F~Y(u) = inf{x : F(x) > u}. F{i%f (median)
REWER T WU, RS ARG R F(m) = 1/2; B BAET P AEL

Raisetsud1 23
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FRES AR Bl = F(X) ~U(0,1),

U~U(,1) = FY(U)E%4CDFF.

55— AR A8 e (probability integral transform ) , i 344 S i IERH -
P(F(X) <u)=P(X < F Y (u)) = u. #2HAiliFE (inverse-transform sampling)
B RASN AR . ERUN F(X) @ e BHl, ARETCAIERIR S )
SCU A R AT W] {8

23 W, W55
Expectation, moments and variance
PRINCIPLE  SeHIWrfrfett; REEHN AR RS B AL JE R AT o
W (expectation) S HARFMA T . TLEIRGITFZER: (law of the
unconscious statistician, LOTUS) i B M X WM itE o(X) i
Blg(¥)) = Y g@px(@) 8t [ g(o)fx(@)ds
Var X = E[(X — EX)?| = EX? — (EX)%

55 kB JE S SE (raw moment) S22 EXF, du 4 (central moment) 2 E[(X —
EX)F|. J2 (variance) j2 B0, FriE2E (standard deviation) J2 37
. WL (linearity) AFHEMSL, E(aX +0Y) =aEX +bEY; {HJj2
FMFTREAM K, AR5

E(aX +b)=aEX +b,  Var(aX +b) = a®Var X.

ABHEZR E|X| < cos IEMERS RN LB A REAH EAGH . XIFR 7 LA 7E
WA A W AR DB E A Cauchy 2 B, A (mixture)
SeREPLIEATY, SRR BN INAL, PR ISR 25 HAEE AU &
E o R 22 .

Raisetsud1 24
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24 JhERReR%c BUr. SBCGBUN

MGTFs: existence, differentiation and identification
PRINCIPLE S5 UYCSIXIA], A O B i) &R mE— 1

JEEER % (moment generating function, MGF) & SCh Mx (t) = E(e'). #
HAE O PRASRII AR, MIZEE 4 A& P T MY (0) = EXF, Hik—40iskii) MGF
ME—geE . HE—MUBGRANZI BT SR ¢, AR se Bk

Mx(0)=1, EX =Mx(0), VarX = Mx(0)—[Mx(0)?
Max(t) = e Mx(at),  Mxiy(t) = Mx(t)My(t) (Hh37) .

B SHFRUEITA S8 ¢ NA R FREUR TRE L il AU Laplace 2
FR || < 1/B8. 1EZS MGF Xt se4ifife ;s Cauchy 344 0 453 MGF. X$4iiE
S BRAAAE, HIVEAHIE ¢ A TR MGF, Bt “H4¥5” AAZEwRE4LE
#H MGF,

S SR B AT—A Y, Bt Gamma B3 88 4 . Fif MGF
FHA A ST s AH R PR i R IR AS B AR X AN 451

Raisetsud1 25
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2.5 Y SCHE S R

English Definitions and Principles

1. Transformations: support before algebra

For Y = g¢(X), first find the image of the original support. The CDF method
rewrites g(X) < y as events in X and works even for nonmonotone maps.
Inverse-density formulas must sum every feasible branch and include the
absolute inverse derivative. The feasible branch count can change across

intervals.

The Jacobian compensates for stretching of the coordinate axis. An affine trans-
formation has density fx((y —b)/a)/|a|. Check the new support, nonnegativity;,
normalization and CDF continuity. Density values at finitely many continuous

endpoints do not affect probabilities.
2. Quantiles and the probability integral transform

A quantile inverts cumulative probability, using the generalized inverse if neces-
sary. A continuous median solves F'(m) = 1/2 and need not equal the mean. For
continuous strictly increasing F, the probability integral transform makes F'(X)

uniform.

Conversely, applying the generalized inverse to a uniform variable generates the

target CDF. Discrete F'(X) need not be uniform, so conditions matter.
3. Expectation, moments and variance

Expectation is a probability-weighted average. LOTUS computes E[g(X)] di-
rectly using the original PMF or PDF, without deriving the transformed law. Raw
moments are £ X*; central moments center at the mean. Varianceis EX?—(FEX)?

and standard deviation is its square root.

Expectation is linear without independence. Variance scales by the square of a
multiplier and is invariant to shifts. A finite expectation requires absolute inte-
grability; divergent positive and negative parts cannot cancel. Symmetry alone

does not guarantee a mean.

Mixture raw moments are weighted component moments, but mixture variance

also reflects differences between component means.

Raisetsud1 26
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4. MGFs: existence, differentiation and identification

The MGF is E(e/X). When finite on a neighborhood of zero, derivatives yield
raw moments and the MGF uniquely identifies the distribution. Its convergence
domain is part of the answer. Affine changes transform the argument and add

an exponential factor; independent sums multiply MGFs.

Bounded support gives finiteness for all real arguments. Exponential and
Laplace tails restrict the domain. A normal MGF exists everywhere, while a
Cauchy MGF does not exist near zero. A lognormal has all power moments
but no finite MGF for positive arguments. Recognizing Gamma or Gaussian

integrals often simplifies derivations.

Raisetsud1 27
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P2-01  inf{gisk (LA 53 A8 1
2026 PS1 Q6; CB1.53

support 2§54 density %% ; affine transformation {Jj 45
Annual maximum river level Y has Fy(y) = O fory < land Fy(y) =1 —y 2
for y > 1. Verify that it is a valid CDF, find its density, and derive the CDF and
density of Z = 10(Y — 1).

Raisetsud1 28
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P2-02  455CE w2 Tk it
TA2E12; TA3E5; CB2.1(b)

rate &% Jacobian FEW] HL A T

X has density 7e” 7 for z > 0. For Y = 4X + 3, find the support, CDF and

density, and check normalization. Clearly state whether 7 is a rate or a scale.

Raisetsud1 29
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P2-03 XU )i

TA3 E1

Laplace distribution Laplace 431} ; many-to-one £ %f—

X has density fx(z) = ae~*l/2 on R, where a > 0. Find the CDF and density
of Y = | X|, and identify its distribution using both rate and scale.

Raisetsud1 30



IR S HORSE i A iy

P2-04 {2k ds By Ak idi 32
TA3 E2

inverse branch 437 ; uniform distribution ¥J-)/3 15

X ~U(0,2) and Y = X (2 — X). Find the support, CDF and density of Y using

both a CDF argument and inverse branches.

Raisetsud1 31
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P2-05 X FrsfE ERF-J5 8 i
TA3 E3

piecewise density 4} B ; LOTUS JEE RG24 F e

X has density 2%/3 for —1 < z < 2. Let Y = X?. Find the density and complete
CDF of Y, and calculate EY directly from X as a check.

Raisetsud1 32



RIS SHEGT W

P2-05 Working space
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P2-06 B A8 HL 5 i A5 iR
TA3 E4
probability integral transform 5 F345 4 ; quantile 4%
Suppose X has a continuous strictly increasing CDF F' on its support. Prove
F(X) ~ U(0,1) and explain how to generate X from a uniform random variable.

Give a discrete counterexample to the unqualified claim that /'(X) is always uni-

form.

Raisetsud1 34



RIS S S A ) it

P2-07 =Ryt 5 S i g
TA3E6. E7; CB224, 2.17(a)

raw moment JiL 4 ; variance J57%; median {7 5§
Find means and variances for:

1. f(x) = az* ton(0,1),a > 0. Also find the median and specialize it to a = 3.
2. X uniformon {1,...,n}.

3. f(z)=3(z—1)>on (0,2).

Raisetsud1 35
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P2-07 Working space
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P2-08 A F i AF %k
TA3 E8; CB2.16

survival function 4Ef7p%Y; memorylessness Joict 12k

Fort >0, P(X > t) = ae ™ + (1 —a)e ™, where 0 < a < 1 and A, > 0. Find

the CDEF, density, mean and variance. Is X memoryless when \ # ;1?

Raisetsud1 37
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P2-08 Working space
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P2-09 JiB:eRgm BBy
TA3 E11; CB2.30(b,c)

MGEF #iEEpE % domain of convergence Y& ; location-scale 13 ' X J&
Find the MGF, its domain, mean and variance for:
1. f(z) =2x/2,0<z<cec>0.

2. flx)=el#=2l/B/(28), 2 € R, B > 0.

Raisetsud1
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P2-09 Working space
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4530k WK

Common Families of Distributions

fictit: CB2e Ch3; 421l Chapter 3 %4}

3.1 RS AU PE B 18y A

Discrete families from experiment mechanisms
PRINCIPLE  [E]5E Y8y, (IR Z) . AN Bl R BE AL S 500 A [l A2

Bernoulli 437 (Bernoulli distribution) +&— S 2 45828 7 (indi-
cator), JL 1 F10, WK po PUMFEIEFNE O < p < 1, n,r FIEEE — W0
(binomial distribution) [& % 37 56 n, BURIREL. JLMA431 (geometric
distribution) {5 1F{E5S— 8 Eh; 13401 (negative binomial distribution )
{EIAESS r RIS . W20 SE Ul B A R 2 S Wik B -

BT =W+ 1, T, = Np +r; AFIAEREIN, &G IR»AE, 4l
GROVEHI AT IRE . BFE{T > n} = {B, <r — 1} FFESSF A S H
TE BT B

I AT (hypergeometric distribution) M N N%F4 . Hod M AN ahxt
SN El g n A

() (=)
(%)
FHECRNIST, N BEFH [ U 22 — IR AR B A
Poisson 43 1fi (Poisson distribution) f A > 0 ffiiR i858 E, P(X =k) =

e NEL k> 0. BRI Y SRR S TR IR SR, B
ARALAT “RER” AHBIEH -

P(X =k)= max(0,n — N + M) < k <min(n, M).
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3.2 BEEOr S R R

Discrete moments and MGFs

PRINCIPLE JR{EB¥U# X, A BRI T AT —Srg A%,

Distribution Mean Variance MGF

Bernoulli(p) ) p(1 —p) 1 —p+ pet
Binomial(n, p) np np(1 —p) (1 —p+ pet)”
Poisson(\) A A eMe 1)

Geometric failures (1 —p)/p (1 —p)/p? p/[1 — (1 —p)e’]
NB failures r(L=p)/p r(1—p)/p? {p/[1 = (A =p)e}"
Hypergeometric ~ nM /N ni(1— 5 8= finite sum

HI I MGF BT SR LT 5 503035 ¢ < —In(1—p) (0<p < 1).
BILITCHATIR, MGF 2y 3 ep(k), 3BT SAEA(E, ABECHIR R E0EL.
ANTHCIE] 7 A F GRS iy 22 R AR BRI B IE (finite-population correction)
(N —=n)/(N—1), MEN > 1. Sliit40n MGF B#ish 5 ef i e,

Poisson ikt (thinning) $§ N ~ Pois(\), A4S DMEE p 9
WIZEAET N B 8Ch — 30, P52 Pois(Ap). F#MT (zero truncation) & -
X >0, DAUEIEREIEERIL 1 — e BINE A2 5 Poisson, H{H T %
Wl .

3.3 SN . SFEREEIER

Continuous families: intervals, waiting and normality
PRINCIPLE  Fr ZHLSE AR RN, AT S A B RE B 22

¥51534% (uniform distribution) U(a,b) FEX[A]ZE % 1/(b—a), ¥H (a +
b)/2. 2 (b—a)?/12. BRSSP ... on 2N (n? — 1)/12, KR4t
ES/NFNE K/ 1S

81 (exponential distribution) PAREE B > 0 5h f(z) = Ble=/B
x>0, WHEB. 72 5% K (rate) A=1/8. TiclZM (memorylessness)
P(X>s+t| X >s)=P(X >t), FRCERTERASERI R SR —M

FEUR G AR E .
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I'(a) = /000 2 e ™®dx, T(a+1)=al(a), T(1/2)= /7,

pa-le—c/8 )
X ~T(a,p): f(x)= W, EX =af, VarX =af”.

Gamma ) a NIEAR (shape) , B ARJE (scale) s KBHAL /% ¥l
e RBARAE R AT (a). a = 1 ZFE0 BRI 2 0O 7 58S R
file T(n, 1) M EMEHSET Pois(z) £Z n — LRI, HEEE R 5114

IE&4> 1 (normal distribution) N(u,0?) W 52X, BEHN
e*($*“)2/(2"2)/(a 2m). frifEfl (standardization) Z = (X —pu)/o 45 HFRIEIESS
D(z) = P(Z < z), ®(—2) =1—D(2). KEWEEN O((b—p)/o) —((a—p)/0),
REEFRRLA 02,

ST ARAEIEZS AN H i (degrees of freedom) v [R5 (chi-square),
xo =T(v/2,2), ¥l v. Ik 2w,

3.4 AKX, EAR )RR

Beta, transformed families and heavy tails
PRINCIPLE 7}l IFAS B R, HARSL 15 IR 4 BE S T 5

Beta /31 (Beta distribution) 7¢ (0,1) P, RS E o, 8 > 05 H

—HEL B(a, B) = D(a)l'(B)/T(a+ B)-
%11 — )81 a «
0= s — B3t VX = orama Ay

Beta(1,1) N#J%), Weibull 431fi (Weibull distribution) 7] K& 3 455k
WL/ R Fy) =1—e7Y"/8 %L Weibull R4 K . REH Y7, 4
K EY* = gFT(1+ k/v).

SHEERS (lognormal) /Y = eZ, Z ~ N(u,02) #i, HIE erto™ /2, Jy
% 217" 1), p,0? BB YL, REY M.

Laplace 43757 (Laplace distribution) %k e~ 1#=21/8 /(28), fii& (location)
a. RE B, ¥MH a. Jr2 26%. #rifk Cauchy BN 1/[r(1 4 22)], RMBZERME,
E|X| =o0o; XFrIMH (principal value) 0 N2¥EH. JERE (heavy tail) 7EILHE
TN RAE ] REE RN AEAE , ANBE A B TE v DA I 22
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3.5  EESEHMY R Bk ek 5 T X ]
Continuous MGFs and their domains
PRINCIPLE R 5IF143 7 b L O 4RI e B B, A H LRI A48
1EZS MGF HyoRi 2 Be-1-J7 -

2 2,\2 2,2
T — rT—u—o“t ot
( 5) _ b o T8
20 20 2

tr —

Al — T — PR IR SRR, I— B 1, RIS o TERIHEIA
TIRRIREI T RE R . Gamma NHEKFHEECE RSO 1/8 — ¢ AR HIH— L

ﬁj\O

Distribution =~ MGF Domain

U(a,b) (e —e ) /[(b—a)t] t€R,valuelat0
Expscale 3  (1—pt)~! t<1/p
Gamma(a, ) (1—pt)~* t<1/p

N(p,0?) ent+o’t?/2 teR

X2 (1 —2t)=¥/? t<1/2
Laplace(a, 3) e“t/(1 — B%t?) [t <1/8

Beta SZFiA7 5, MGFE Xt &S ifri e, (AASSUR SRR Rk . Cauchy 5
MPEOESAREREE 0 483 MGF 15k . ARl e M FESET 2 A
BB REUE I [0 A1 o A7 AR RF AR MGE 5 R i .
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3.6 e ICHE S R

English Definitions and Principles

1. Discrete families from experiment mechanisms

A Bernoulli indicator records one success. A binomial variable counts successes
in a fixed number of independent constant-probability trials. Geometric and

negative-binomial variables stop at success one or success 7.

State whether the count includes all trials or only failures; the final success is

fixed and only earlier positions are arranged.

Hypergeometric counts sample without replacement, with support limited by
available successes and failures. Draws are not independent. Poisson counts
have nonnegative integer support and intensity ); their event assumptions must

be checked rather than inferred from a large trial number alone.
2. Discrete moments and MGFs

The table uses geometric and negative-binomial failure counts. Their MGFs re-
quire t < —In(1 — p); shifting to total trials adds e’ or ¢"*. Bernoulli, binomial

and Poisson MGFs exist for all real ¢, as does any finite-support MGEF.

Negative dependence from sampling without replacement gives the hypergeo-

metric finite-population variance correction (N —n)/(N — 1) for N > 1.

Poisson thinning conditions on the original random count, applies a binomial
retention model, and sums over the count to obtain Poisson(Ap). Zero truncation
instead conditions on a positive value and renormalizes by 1 — e~*; it changes

both moments and the distribution family.
3. Continuous families: intervals, waiting and normality

A continuous uniform law has constant density on an interval. An exponential
law with scale 3 has rate 1/3, mean 3 and variance 3°. Its survival function gives

memorylessness; a nontrivial mixture of unequal rates loses that property.

The Gamma density defines shape a and scale 3, with mean a/ and variance
a3?. Rate notation replaces scale by its reciprocal in both the exponent and the
normalizing constant. Shape one is exponential, and integer shape corresponds

to accumulated exponential waits.
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A Gamma waiting-time tail can be expressed as a Poisson count probability.

In N(u,0?), the second parameter is variance and standardization divides by
the standard deviation. Standard-normal CDF differences give interval proba-
bilities. The sum of v independent squared standard normals is chi-square with

v degrees of freedom, equivalently Gamma(r/2, 2).
4. Beta, transformed families and heavy tails

Beta distributions model values in (0, 1) using two shape parameters and a Beta-
function normalizer; Beta(1, 1) is uniform. A Weibull law arises by taking a pos-
itive power of an exponential variable, and its usual scale is the corresponding

power of the exponential scale.

A lognormal is the exponential of a normal variable. Its parameters describe the
logarithm, so its mean is not the exponential of the log mean. Laplace distribu-

tions have a location and scale with variance twice scale squared.

A standard Cauchy has such heavy tails that its mean does not exist; a symmetric

principal value is not a valid expectation.
5. Continuous MGFs and their domains

Completing the square in the normal MGF integral shifts the normal mean to
1t + o2t and leaves the factor e#*+7*"*/2. A Gamma integral instead changes its

exponential decay coefficient to 1/5 — t.

The table lists both formulas and convergence domains. The uniform formula
has a removable singularity at zero. Beta MGFs exist everywhere because the
support is bounded, even without a simple elementary formula. Cauchy and

lognormal laws do not have the required finite MGF neighborhood.

Equal means and variances alone do not identify a distribution; MGF uniqueness

requires agreement on a neighborhood of zero.
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P3-01 sk B85 kB
PR B HC . Quiz 1 M gR; CB Ch3 431k

Bernoulli trial Bernoulli if{%;; binomial —"¥ji; negative binomial /i i
Independent trials have success probability p.

1. Let B,, count successes in a fixed n trials. Give its PMF, support, mean and

variance, deriving the moments with indicators.

2. Let T be the trial of the first success and W = T" — 1 the number of prior
failures.

Give both PMFs and moments, and prove the memoryless property for 7" in
the form P(T'>m+n | T > m).

3. Let N, count failures before the rth success. Give its PMF, support and mo-

ments, explaining the terminal-success factor.
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P3-01 Working space
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P3-02 Poisson HFT-¥¢it
TA4 E1l; CB3.7

Poisson parameter Poisson Z4{; numerical root Z{EH KR

The number of chips in a cookie is Poisson with mean A\. How large should A
be to ensure that more than 99% of cookies have at least two chips? Set up the

inequality, justify uniqueness of the threshold and give a numerical answer.
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P3-03 Z#kW Poisson
TA4E2; CB3.13(a)

zero truncation ZE#W; conditional PMF £ Jfi H FR 4K

X ~ Poisson(A), A > 0. Let Y have the conditional distribution of X given
X > 0. Find its PMF, CDF, mean and variance. Explain why the mean rises after

truncation.
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P3-04 W54 5y e S
TA4 E3; CB3.12
stopping time 2 [} %] ; tail probability EA%F
Let 7). be the trial at which the rth success occurs in independent Bernoulli trials
with probability p. Let B,, count successes in the first n trials.

For n > r, prove P(T, > n) = P(B,, <r — 1), give the PMF of T,, and write the
corresponding identity for the failure count N, = T;. — r.
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P3-05 Poisson FikES5pk kgt

TA4 E4

thinning i#%; conditional binomial £%{4: 35

Let N ~ Poisson(\) and Y | N = n ~ Binomial(n,p). Derive the marginal
distribution of Y directly by summation. Then use A\ = 10,p = 1/50 to find
PY=1),P(Y >1)and P(Y <1).
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P3-05 Working space
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P3-06 wiitisr 5 Gamma PEE
TA4 E5

Gaussian integral F#if4>; polar coordinates k45 ; Gamma function Gamma pE%L

Prove [* e dr = /7 by squaring and using polar coordinates. Deduce

/e_IQ/Zd:U, /e_(x_“)Q/(2‘72)dac, /xQe_xZ/de

over the real line, with o > 0, and show I'(1/2) = /7.
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P3-07 Gamma. 555 KIS E kR
TA4 E6

scale UJF; shape AR chi-square K75; degrees of freedom A fi &

Use the shape-scale Gamma density

.,L.aflefa:/ﬁ
f(ZE) = W, x> 0.

1. Derive its MGF and domain, and identify the case a = 1.

2. Forindependent Z; ~ N(0, 1), derive the MGF of Z? and identify the law of
L 22
3. Give all relevant means and variances and translate Gamma to shape-rate

notation.
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P3-07 Working space
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P3-08 Gamma 2456t E] 55 Poisson /K%L
TA4 E7; CB3.19

waiting time %} [a]; Poisson count Poisson 141

Let G, ~ Gamma(n, 1) in shape-scale notation, with positive integer n. For each

x > 0,let N, ~ Poisson(x). Prove
P(Gy >x)=P(Ny; <n-—1).

Use integration by parts, and explain the waiting-time interpretation.
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P3-09 JREZE A 5 Weibull
TA4 E8; CB3.24(a)

Weibull distribution Weibull 437F; raw moment J§ j5 4

X is exponential with scale 3 > 0. For v > 0,setY = X /7. Find the CDF, PDF,
EY* for k > 0, the mean and variance. State the equivalent usual Weibull shape
and scale.
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P3-10 (EA&bsE L. DXIE 55008
TESL IR 2T FRUEAL VA DU
standardization Frififl; standard deviation Frifi2%; percentile /341
X ~ N(100,15%). Calculate P(85 < X < 130), P(X > 115), and the 90th
percentile of X. Use ®(1) = 0.84134475, ®(2) = 0.97724987 and ®~1(0.9) =

1.28155157. Explain why the denominator in standardization is 15 rather than
225.
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P3-11 %8 E &0 %)% S5
TA4 E9

lognormal Xf4{IEZS; normal MGF 1F 5% - E %L

Z ~ N(u,0%),0 > 0,and Y = e?. Derive the PDF and all real raw moments

EY*. Find the mean and variance and explain why the mean is not e*.
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P3-12 Beta 4t 5%
TA4 E10; CB3.22(d)

Beta function Beta p%{; normalizing constant J5—{k %
X ~ Beta(a, 8), with positive parameters and density

(1 — 33)5*1
B(a, B)

fz) =

, O<ax<l.

Derive EX* for k > 0, the mean and variance, using B(a,b) = I'(a)I'(b)/T'(a+b).
Identify the case o = 8 = 1.
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P3-13 Cauchy WxFBR A Ay A ¥l
SRR 20 Cauchy; CBCh3
Cauchy distribution Cauchy 431fi; principal value F:{fi; absolute integrability £} 1] FH
X has standard Cauchy density 1/[r(1 + 2?)] on R. Verify normalization and

explain rigorously why FX does not exist, even though the density is symmetric.

Does its variance exist?
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4w RO SRR

Joint Distributions and Conditional Moments

fK#i: CB2e Chd; A2zfl] Chapter 4 ¥k} pp.1-31

4.1 WA iAoy A
Joint distributions and marginalization
PRINCIPLE  — AR PR ARIRE A BRI AR R .

FfitLIa) & (random vector) (X,Y) [AJHESRM /M. BeA 01 (joint distri-
bution) YL ETUMILFETE; B4 PMF 4 P(X =2, =y). 4 PDF
X AR AR, BT AR A 1Lk PR BE AL 1) AR AT

A fkEL (joint CDF) F(x,y) = P(X <z,Y <y) THT— oM.
SOPSENj 2 = A IE | i

Pla< X <b,ec<Y <d)=F(b,d) — F(a,d) — F(b,c)+ F(a,c).
oot SE H AT, BRGHEEIR A RS 0°F /020y . 1%k (marginaliza-
tion) 55 —AF & A T REHUE N A s FL

px(@) =Y sl Ix@) = [ fao)dy
Yy

H—AIr . By EFRRBIRA SRR YOE: 0 < o <y < 1 HREE @ i)
y € (z,1), [EE y Wz e (0,y). SCHESTRAFFRT, ANAUOT A EAM 0 2] 1.

4.2 TP R A B A S S
Independence and the support
PRINCIPLE AN E DBA T — 2k, RETEREME0H.

WANBEHLAE M7 (independent random variables) BMEL B GGES
A, B¥JH P(X € A,Y € B) = P(X € A)P(Y € B). %, B¢ CDF A
SRR PR CDF il BB PMF 40 AHEA R R LPALAL 73+ .
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Fxy(z,y) = Fx(2)Fy(y),  fxy(z,y) = fx(x)fy(y) (MHNAFTER) .

RUEABE A R — A B R R E— b 0l s FH . JE R SCRE R
HAEE RO PRI R AT A R, LA R .

WA EAFREEAHIE . (U, U) 5 (U, 1-U) #5850, K454 e
AR EEZ L, E2ERAEE 4% E . MEIHET ARG Plg(X,Y)] =
Sg(@,y)p(z,y) X [[ g(z,y)f(z,y)dedy. M7 HBIRAFAER E(XY) = EXEY ;
X — S A G HAS & LAUEBA AT

4.3 S nmH—1L
Conditional distributions as normalized slices
PRINCIPLE [fl5E —/EH, RAER T AT 308 EEH BT

B AR IR G R R AR AR R B o TESE AR AR 2011 I 4 B BUE
T RGE L IERIE AREEE MR P(X = 2) = 0,

pyix(y | x) = (@) fyix(y|z) = {ffgﬁ))

flz,y) = fY|X(y | ) fx ().

FAMSIVEA R IAL B RIS RAMSIR, S8 A AT 4 28
R HEda— A B A — AR PP TR S, RS AR A 5%
htb. X WRREN T4 Bayes n] ABCAE 47 1l .

G X = o WMZRPMFEEENXT y BUMA 1 R, SCRFRIEMAT S HAL
FONEE A XY =y e UQ0,y), V| X =22 U, 1); AiEfaE
EAS 4 B E AR A

4.4  FAEI S AT 25025 X
Conditional means and conditional variances

PRINCIPLE 47 AR RO E A , AR 1S e LAt

ZAF 1 (conditional expectation) E(Y | X = z) BYEAE © &1
TRV, BEAT o MEH m(z). B(Y | X) = m(X) W2 R R, R

Raisetsud1 66



WRie 585 T B3 5y v

ROV X AN 54572 (conditional variance) [f#:4E X T4 E1H
IR AL

m(x) = / yhx@ | Ddy, (@) = / ¥ Fryx (u | 2)dy — m(z)?.

ESHUE DURARVMICR AN . X13972) U(a,b), WIABEEMIIE (a+0)/2. T
(b—a)?/12; X5+ Bernoulli {3 f 2% p(x) 1539MH p(z). 72 p(x)[1 - p(z)].

LRI ICAE B I AR >, E(Y | X = 2)px (z) = EY . A
AN H L BASK A EAR AR X — 5L, DT BT EAR A S &0 5
Zefhivt. FeartE. UMVU SIS ARVE AR DR, 2024 446 1) e/ I ME-T
IUAE R oy CDF 557 A 5 o 1 AT 4 45
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4.5 Y SCHEE S R

English Definitions and Principles

1. Joint distributions and marginalization

A random vector has a joint law describing simultaneous values, not merely sep-
arate marginals. A joint CDF is defined for every law. Its rectangle increments

give rectangle probabilities and must be nonnegative.

An ordinary joint PDF exists only for laws absolutely continuous with respect to

area; continuous marginals alone do not guarantee it.

Marginalization sums or integrates out the other coordinate. Integration bounds
come from the joint support. In the triangle 0 < = < y < 1, fixing x leaves y

between x and one, whereas fixing y leaves = between zero and y.
2. Independence and the support

Independence requires factorization for every pair of measurable events, equiv-
alently for all joint CDF values, all joint masses, or almost everywhere for densi-
ties. A single counterexample disproves independence, but one successful point

cannot prove it. The support must also be consistent with factorization.

Identical marginals do not determine a joint law. The pairs (U, U) and (U,1—U)
share uniform marginals but place probability on different lines. Joint expecta-
tions sum or integrate the function against the joint law. Independence implies

factorization of product moments when defined, but the converse is false.
3. Conditional distributions as normalized slices

A conditional PMF divides joint mass by the conditioning marginal mass. A
conditional PDF uses a density ratio where the marginal density is positive; it
does not divide by a zero-probability point event. Holding one coordinate fixed

gives a slice whose feasible support must be normalized.

Multiplying a marginal by a conditional reconstructs the joint density. One can
then integrate for the other marginal and reverse the conditioning. Indepen-
dence is an additional property under which conditioning leaves the other dis-

tribution unchanged. Conditional densities must integrate to one over their slice.
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4. Conditional means and conditional variances

The conditional mean given X = =z is an ordinary expectation under a condi-
tional law and is a function m(x). Replacing « by X makes E(Y | X) a random

variable.

Conditional variance likewise depends on the conditioning value and equals the

conditional second moment minus the squared conditional mean.

Recognized conditional families allow their usual moment formulas. The se-
lected exercises check by explicit sums or integrals that averaging the conditional
means recovers the marginal mean. Core coverage ends with the joint and con-

ditional distributions and moments in the available notes.

Later inference topics are excluded; the older minimum question is only a CDF-

and-independence bridge.
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P4-01 IRATERE . AR AT
Chd Part] SR AP B AR T2 1) 1L

joint B4r; marginal #1f5; conditional variance 454 22

The joint PMF is
X\Y 0 1
0 0.2 03
1 0.1 04

Find both marginals, determine independence, calculate E(XY') and P(X =1 |
Y = 1), and obtain E(Y | X) and Var(Y | X) as functions of X. Verify numeri-

cally that averaging the conditional means gives EY .
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P4-02  —“MIE XA 558
Ch4 Part]l #f5k R 0 <z <y < 1IH=FfMBI

joint support & % Ff; conditional density 45135 )&
Let fxy(z,y) =20on0 < z < y < 1 and zero elsewhere.

1. Draw the support and find both marginal densities. Are X and Y indepen-
dent?

2. Find P(X <1/2), P(X+Y <1)and E(XY).

3. Find both conditional densities, means and variances.
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P4-03 Ity CDF SRR
Ch4 Partl i fy CDF J5 7 4
joint CDF B &40 i k% ; mixed derivative & &S
Let F(z,y) = (1 —e™™)(1 —eY) for z,y > 0, and zero if either coordinate is
negative. Derive the rectangle-probability formula for P(a < X < b,c <Y < d).

Find the joint PDF, determine independence and calculate P(0 < X < 1,1 <
Y <2).
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P4-04  FF LB A ol ASRe e o 5 A
Ch4 Partl I3 )26: (U,U) 5 (U, 1 —-U)
singular joint distribution %} 7B &40 ; marginal information i1 5x15 &,
Let U ~ U(0,1). Compare (X,Y) = (U,U) and (X,Y) = (U,1 — U). Give
their marginal distributions and their joint CDFs for 0 < z,y < 1. Are they

independent? Do they have ordinary joint PDFs with respect to two-dimensional

area?
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P4-05  th&e %3 R I 4 5
Ch4 Part] Z{F45 B 7 vk ik 2
reconstruction F 7 ; shifted exponential “FF5 5%
X ~ Gamma(2,1) in shape-scale notation and, given X = z, Y is uniform on

(0, z). Find the joint PDF, the marginal distribution of Y, the conditional distri-
bution of X given Y = y, and both conditional means and variances.
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P4-06  fe/MErsrfii: FEAEG firdd
2024 FOHGE T P Q3(a) Y HRA 411 R 40
minimum /Mg ; independent sample il v/ k7S ; order statistic Y)JFSE &
Let X1,..., X, be independent with common continuous CDF F' and density
f. Set M = min(Xj,...,X,). Derive its CDF and density. Then specialize to

independent exponential variables with rate A. This is a bridging exercise, not a

statement of this semester’s midterm scope.
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