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Probability, Counting and Distribution Functions

fiktii: CB2e Chl; A2 Chapter 1 ¥1k}

L1 AABEAL A IR B
From Random Experiments to Probability Models

BEHLIALE (random experiment) [ 1] BES5 A2 BARAN, (HiX55 Rl JCHEH &
WR—ai R KR . R A R

BEHLIEE — HEAZAS — HFA — R P(A).

12 FEAZE MG A
Sample Spaces and Events
Definition

(CB2e§1.1)

For a random experiment, the sample space S is the set of all possible

basic outcomes.

A set is countable if its elements can be placed in one-to-one corre-

spondence with a subset of the integers.

An event is any subset of the sample space S. If the realized outcome

belongs to A C S, we say that event A occurs.

The set containing no outcomes is denoted by @ and represents an

impossible event.

FEARZSE AT AR A BREE . AR IREE SR T . R, R AR S B
(R EEA R8T 4R
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LU HHEMNE

ACB < (r€ A=z € B),
A=B < ACBHBCA.

WEPHP A AR AR 3 3 B PO £ 7
13 fia
Set Operations

1.3.1 JeARias

Basic Operations

AUB ={z:2 € Az € B},
ANB={z:2¢€ A Hzx € B},
A={z e S:x ¢ A}

PAR ST R Y e N e g L AT
1.3.2 De Morgan £}t

De Morgan’s Laws

(AUB)¢ = A°N BS,
(ANB)¢ = A°U B°“.

XA,

(0+) -0
() U

Hrp, UZ A Fn 20T —1 A N2 A BB TE—1 A
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1.4 FEAZE I 53

Partitions of the Sample Space

Definition
(CB2e§1.1)
Events Ay, ..., A, are mutually exclusive (pairwise disjoint) if
ANA =0 (i # 7).
Events Ay, ..., A, are collectively exhaustive if

A collection Ay, Ag, ... is a partition of S if the sets are pairwise dis-

joint and collectively exhaustive.
o ER MR A S Bayes ARl

1.5 sigma-fC%

Sigma-Algebras
Definition

(CB2e§1.1)

A collection B of subsets of S is a o-algebra if

1. o€ B
2. Ae B= A e B;
3. Al,AQ,...€B=>U?21Ai€B.

i De Morgan fit, o-algebra W4} Al #5z £1 4], FHE 25 5[ o-algebra
{2, S} #Bilh 2 Lo

Raisetsud1 3



RIE S HBG T X

1.6 HESBIR SR A 8
Probability Models and Axioms

SEFEMAL A 0 a complete probability model is (S, B, P), HHt S J& sample
space, B2 events YRS, P S K TR

Definition

(CB2e8§1.2)
A probability function P : B — |0, 1] satisfies:

1. P(A) > 0forevery A € B;
2. P(S)=

3. if Ay, Ay, ... are pairwise disjoint, then

(00) -5

i=1 i=1

P, — P oeBrRERE L (5,8, P), H
P:B—[0,1].

AR R A nonnegativity . normalization 5 countable additivity .

R RN X
RS P AR ANz IR, AN B Sl e A B Y R R
— PRI AR AR B AR B

L7 R AR
Consequences of the Probability Axioms

%Zﬁénlbjﬂ
P

)
0
P(A%) =
ACB=

Raisetsud1 4
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PR3N

P(BN A°) = P(B) — P(AN B),
P(AUB) = P(A) + P(B) — P(AN B).

1.8 srHIA XSGR AF A
Partition Formula and Probability Inequalities

= {Ci} 2 S m—AnEl,

P(A)=> P(ANC;).

Boole inequality

7

P (U AZ-) <> P(A).

Bonferroni lower bound

i=1 i=1

ll:z|774:2ﬂrj‘7
P(ANB) > P(A)+ P(B) — 1.

1.9 WIEOREAC A ] LR A i
Constructing Probabilities on Countable Sample Spaces

&

S = {81,82,...}

NA RS TRREAZE R Fpi > 0H 3, pi=1, W

P(A)= ) pi

i:8,€EA

Raisetsud1 5
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110 HAEHE

Combinatorial Analysis

1.10.1  HHBOEA AR

Basic Principle of Counting

e basic principle of counting: JE%4E k NS HIH na, ..., ng FRERRR, &
T =E R ny -y
e factorial: n!=n(n—1)---1, FLE 0 =1,

Mo AR A r X5
ik A7 TeF?
. n! n n!
AR (n—r)! (r) B rl(n —r)!
el n’ nre 1)
T

1.10.2 FEbik S5 2R

Stars and Bars and Multinomial Coefficients

PR (stars and bars) f8 r AMAHFEXTZ A ECE] 0 ANIEHIH, XM HES] » A
HE55n - 1R

Tk MEETE m TR, SESINER k. ke K, WIRREIHESECH

k!
kilkal - k!

Raisetsud1 6
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111 S HEpasY

Equally Likely Models
P BREEAZS [ N S EEARGE SR SE S5 nT BE, )
|A|
P(A) = —.
()|&

il HENARAE

HABARGIREIESFEATRERS, A REHTH “A A5 RBER DA SR
TEFFEERA S FR T 8 H 3155 AT fE

112 ZRARHER

Conditional Probability
Definition

(CB2e§1.3)

For events A and B with P(B) > 0, the conditional probability of A

given B is
P(ANB)
P(B)

A B ERE G, AREAZEEREE B; P(A| B) fiff B HlEET
A R TR S

P(A|B) =

1.12.1 AR
Multiplication Rule
U L HEAE

P(ANB) = P(A| B)P(B) = P(B | A)P(A).
XAy, Ay REMHFTEA, 775 chain rule:

?i%)’

Jj=1

200 p(Aﬂﬁp(Ai

=2

Raisetsud1 7
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1.12.2 fil1: ZESHBIYSK A

Example 1: Drawing Four Aces in Succession

— il 52 SREAGARIES N RN I, P sk A A BRSO

4 3 2 1
P(first four cards are aces) = 5 B 50 19
1
— 52
(%)

2V ]2 A o R YN U P SR R S S LTINS N1 = A B 97 o NS S/

>

b

1.12.3  fi2: Avjgnlhsk

Example 2: Sampling Balls without Replacement
G r ALLERA O ANEEER . LA AR, S

A = {first ball is red }, B = {second ball is blue}.

]
r b
P =1 PEBIA ==
JIF LA
P(ANB) = — b

r4+b r+b—1

113 iEFEA X
Law of Total Probability

A A Az, R UREARZSE] S > partition, BRI ER HIFSEHN S, W
MHEE ST B,

Raisetsud1 8
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PB) =Y PBNA) =Y P(B| A)P(A),

B B IR T RERIR A 70T, PR EARROERA N .

Theorem

(CB2e§1.3)

If Ay, Ay, ... form a partition of S, then for any event B,

P(B) =" P(B| A)P(A).

1.13.1  #i3: =440

Example 3: Three Groups
# P(B;)=1/3, HP(A|B)=if6, i=1,2,3, il

Il
[M]

P(A) P(A| Bi)P(B;)

[y

7N

| =
+
[N\
+
| W
~_

L = C,O\HIT

1.14 Bayes A\

Bayes” Rule
# Ay, Ao, ... Il partition H P(B) >0, N

P(A; | B) =

Raisetsud1 9
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Theorem
(CB2e8§1.3)
If A1, Ag, ... form a partition and P(B) > 0, then

P(B | Ai)P(A;)
2 P(B | Aj)P (A7)

P(Ai| B) =

Bayes’ rule reverses the direction of conditioning.

Interpretation

Bayes’ rule {5507 MM P(B | A;) Re§%h P(Ai | B):

posterior o likelihood x prior.

SR e ARG P(B), AIHEA N ARARER R —1L,

1141 4 FEREERUS 538
Example 4: Automobile Insurance Risk Classification
F PRy R A H R ORE: MR R L
P(H) = 0.25, P(M) =0.25, P(L) = 0.50,

— AR N B DR — R SRR

P(A|H)=025  P(A|M)=016, P(A]|L)=0.10.
TR Pk A i, H T KUk 2 ARl

P(A| H)P(H)
>requm,ry PAA | T)P(T)
0.252
= 02524 0.16 - 0.25 + 0.10 - 0.50
~ 0.410.

P(H | A) =

WEL Bl s, RS R A% M prior 0.25 B3 %] posterior 0.410.

Raisetsud1 10
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1.14.2 Bl 5: faysils

Example 5: Color Blindness

BEAE TR BN LNz r o 1,

HOEFN D, H

P(D|M)=p, PD|W)=rp?

VU BERILIZE H 1) €5 3 0 S PR AR

pL
it
P(M|D)=——"5—
Py TP
T
r+p

115 =T ])8
Monty Hall Problem

R SRR T A, B, C ). Joikff A, BRANMERDOE, HAE
AP TR BITIF T B, i

B* = {host opens curtain B and it is empty}.

EXEPNERwIp st =)

AHB*MD:%, P(B*|B) =0, P(B*|C)=1.

i Bayes’ rule,

P(A|BY) =

Wl
O |l
W0 —=

1

| o=
Wl

Raisetsud1 11
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Conclusion

B3 C HFIARFN 2/3, mTREFEEE AW 1/30 XAGHEHA RN “ b
SEFTITARVEFERY AT, FHAEA PR 23 A AT SRR 1 BA T R o

1.16  Jlyk:

Independence
Definition

(CB2e§1.3)
Events A and B are independent if

P(ANB) = P(A)P(B).
47 P(B) >0, WZHif

P(A| B) = P(A),
BIfSH B KEANSHAE A HIRER.

1.16.1 Ay Y5 H)F

Independence and Mutual Exclusivity
P @NTE

e Disjointness: ANB =g, WANFLAGER &4
e Independence: —PFffRM LA NRUER T 7 —DFHNEL.

A, BHJFH P(A) >0,P(B) >0, W

P(ANB)=0< P(A)P(B),

PR AENTA R AL, R 20— SRR 0 1, BJR 5574wl e
[7] IR FSSE o

Raisetsud1 12
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1162 il 6: PUKPiE I K 6
Example 6: At Least One Six in Four Die Rolls
AL —BCA P85 VUK. 1] complement rule,

P(at least one six) = 1 — P(no six)

)

671
= —— ~0.518.
1296 0-518

(Qe) e (0

=1- ﬁ(1 — P(4)).

—_

~

117 Moy YERSE—2B bR

Further Discussion of Independence

1.17.1 Aok S ab ik

Independence and Complements
Theorem

(CB2e§1.3)
If A and B are independent, then
(A, BS), (A°, B), (A€, B)
are also independent pairs.

Raisetsud1 13
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B, FH A= (ANB)U(ANB°) iX—HJF5H#,

P(AN B%) = P(A) — P(AN B)

HAMREIE AT AR D AR . Bk, oz SR p e bR A U PRl

Moo

1.17.2 WW§RR Ay SR ARy

Pairwise and Mutual Independence

YHAFEAN DT =40, pairwise independence A & PA#E Y mutual in-

dependence.

AP A L L EER

P(AN B) = P(A)P(

X

P(ANC)=P(A)P(C),
P(BNC)=P(B)P(C),
HAGRIE
P(ANnBNC)=P(A)P(B)P(C).
Definition
(CB2e8§1.3)
Ai,..., A, are mutually independent if for every subcollection
Aip . ,Aik,

k k
PO]%)HPMW
j=1 J=1

Mutual independence ZER B A ML A2 A 2 (T FH RIS I L Afeik
KE; HRAR—XFIFATED .

Raisetsud1 14
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1.17.3 Bl 1: Py AHASH B3k

Example 1: Pairwise but Not Mutual Independence
&
S ={a,b,c d},
POAEERAE TR, IFE X

A1 ={a,b}, Ay ={b,c}, As ={a,c}.

BAFLEERT N 1/2, LRSI RZEY R 4E0R, Hit

P(AZ ﬂAj) =

P A=A SRS . SR

A1NAsNAs =0
M

P(AlﬂAgﬂAg) =

0
1
73

= P(A1)P(A2)P(A3).
WCE AT AFH B AT
1174 %31

Checking the In-Class Exercise

L &g AAEER. 6 ADNHER, ARk

4
P(first red, second blue) = o g =

2. fREG>EBIH,

Raisetsud1
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P(A) = 0.25(0.25) + 0.16(0.25) + 0.10(0.50) = 0.1525,

0.25(0.25)
PH [ A) = —=rs

25
= — ~ 0.410.
61

3. bk Ay, Ay, As WRRPISCEEMRAR N 1/4, (H=38 00 0, HILPIM
LRVATIR R v

1.18 BB &
Random Variables
Definition

(CB2e§1.4)

A random variable X is a function from the sample space S into the
real numbers:
X:5—R

X YA AT RRIRCEAL O, Gl X YU RIS LR
B, RSt EANRIRER s € S WUAPARUE X (s); HEHLME BilRE R s 1
AtE

ses X X(s)eR

1.18.1 RfHLAE H il

Examples of Random Variables

Random experiment Random variable
WP T X = WA REZ
HAE T 25 1K X = 1k LR

T B Ay X = B
R A 50 f7 i R X = SRR R ALK

Raisetsud1 16
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Bl PILAE B R AT AZ 2R 1) S e 45 2R P 4 0 24 il 20 B 900 9 numerrical sum-

mary .

1.18.2  BEAHLAS W5 S H
Probabilities Induced by a Random Variable
B XS — X, FEAZE S LIRS 7T X BUE EERE. Xz e X,
P(X =z)=P({s€S:X(s) =z}).

B, XACA,

P(XeA)=P({seS:X(s) € A}).

A trie ATEWT X RAIEG . IIE, X EENLAL BRI, A AT
RIRAEREAZSE] S FoRAER

Notation

o RETH XY, Z FrhitlA & ;
o /NEFRE 2.y, 2 FURKEYLAS B Y ] BEEUH RS B -

1183 Bl 2: —kiaE
Example 2: Three Coin Tosses

STRETASIL =R, & X ONIETI A FEA S TE] N

S={HHH,HHT,HTH,THH, HTT,THT, TTH,TTT}.

X BRI H
x 0 1 2 3
P(X=z) 1/8 3/8 3/8 1/8
P
Pm<X<n:mX:m+mX:n=§

Raisetsud1 17
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i)

PO<X<1)=P(X=0)=
XPEHHBE A &, 8 < WOl < FTRESUR SRR LY, AN REZ It A
119 sy Ak

Distribution Functions

1.19.1 REBUrAmkE

Cumulative Distribution Function
Definition

(CB2e§1.4)
The cumulative distribution function of X is

Fx(z) = P(X < x), z € R.

CDF 7y S8 o B E SC, A UZAE X MEIR X B 7 a <D,
Il

Pla < X <b) = Fx(b) — Fx(a).

1.19.2 #i3: = kPEE M) CDF

Example 3: CDF for Three Coin Tosses

XHIEHHREL X
0, x<0,
1
§, 0§x<1,
FX(LL’): ?7 1§$<27
g, 2§3§'<3,
1, >3

Raisetsud1 18
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KRB AU 2o AERBRER/INE T2 mi A o

Fx(wo) — Fx(zg) = P(X = ),

J
5

FX(xa) = lim Fx(ﬂj)

zTxo

CDF {EBbER R BBk ER 5 Y e £, UL 2 right-continuous (f7E%E) #Y.

1.19.3 Bl 4: arvp SLBIBORHTE
Example 4: Distance from the Hit Point to the Center

ShfarEoh R EER, Hard s Afeftm B mBly 2. & X o
(i AP PO R

MO0 <ax< RN, FF{X <o} MR o AN, Hit

T
P () = TR2
22
T R?
St#1) CDF 2
0, z <0,
F z?
1, x> R.

Key point

“HER T EFEHAUY ) AT R X AE [0, B] _B¥Y2)7. RARBUR R ERAY
AR, It Fx () & B A o/ R.

Raisetsud1 19
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1.20  ZBUMii L

Cumulative Distribution Function

1.20.1 CDF 11 %

Characterization of a CDF
Theorem

(CB2e§1.5)

Characterization of a cdf. A function F'is a cdf if and only if:

1. limy o F(z) = 0and lim,_,o F(z) = 1;
2. Fis nondecreasing;

3. Fis right-continuous.

A BRELEENE O B RERL AR R SRR AT R AL, 24 HLOCY B R 2 A sk
PR BRI L =N F e AR CR R, BT 44T

o Wil RULHA SRR 0 HBLIF 1;
o HAFANEOKR H RS KRR

] < Top — {X§x1}§{X§$2},
o HiELEFIRMNAMIENT zo BF, CDF [u]8] Fx(x0).
1.20.2 A5 ek

Right-Continuity

Yo ao i, FFA{X < o} BIERE] {X < zot. WA EEXT I BFF
FIHIFELENE,

lim FX(.T) = P(X < xo) = Fx(xo).

zlxo

Rt COF Wi 4k . EA—E A Ao M BRI d sk miii .

Raisetsud1 20
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1.20.3  BRELHER

Jump Probabilities

7 LM IR

FX({E(;) = lim Fx(x)

zTxo

)

P(X = x9) = Fx(x0) — Fx(zg ).

5 CDF 1 a0 Yegt, WA M

FX<$O):FX(-756) - P(XZ%‘())ZO

1.20.4 X [a)f %
Interval Probabilities

T AL A
Pla< X <b)=Fx(b) — Fx(a),
Pla< X <b)=Fx(b)— Fx(a™).
oA sty SR AR AT AR A A
Pla< X <b)=Fx(b")— Fx(a),
Pla< X <b)=Fx(b")—Fx(a™).

24 CDF 7£ a, b #RIELEIT, PURPIT AT DX ) RO A< AR T 5 Xof g B2 B L A2 DU
JVVPR B i 1 22 5

Raisetsud1 21
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1.21  ZRBUM i el il

Examples of CDFs

1.21.1 U 4rfalf) CDF

CDF of the Geometric Distribution

A X FRiar. Bernoulli {558 H 8 — B Ih BT TR AOARIS R B, BV R TR SR
K p. M

P(X =z)=(1-p)" 'p, x=1,2,...

XFIERERL @,
Fﬂ@ZE]%wV%
=1

=1-(1-p)"
ML SR x, ERIEA TG R

0, r <1,

Fx(l') =
1-(1-pll, z>1.

CDF JAE IR AN BEER , ARG AL (R PR AL

1.21.2 Logistic 41l F%L

Logistic CDF
8
1
Fle)= 1+e*
Hpiuath RS S HCh

Raisetsud1 22
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AT @) =0,
5 P =1,
Fla)=—" <0
S (e T T

e, Ak, e CDF fasilacft.

1.22 [l AnBEHLAE
Identically Distributed Random Variables
Definition

(CB2e§1.5)
Random variables X and Y are identically distributed if
P(XeA)=P(Y € A)
for every admissible set A.

#r X 5Y I AMEE AT NAEGIMREAEE, PR =& F oM. BN AE
NAEARRIFEAZS R L, WA PAZ [F—FE A2 R _E AR [R] R &
Theorem

(CB2e§1.5)
X and Y are identically distributed if and only if
Fx(z) = Fy(z)

for every real z.

'/

—AERENLAE R CDF ME—doE HARR M. A IEELA P A BERILAE e 15
o, R BB HE T S84t i) CDF.

i

Raisetsud1 23
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1221 1 e b i 8 R
Example 1: Numbers of Heads and Tails in Three Tosses

SRATHEET, 4

X = number of heads,

Y = number of tails.

X 5Y #IRASECN (3,1/2) BTG, FroAR G (ExHE A ELAR
LR,

X+Y =3,
T AR, AN R R .

H%E: Identically distributed

AR X 5 Y @SR ERE R, AR ENIM
BN B R U A SAR R LA -

1.23 B e

Probability Mass Function

1.23.1 X

Definition
Definition

(CB2e§1.6)

For a discrete random variable X, the probability mass function is

Xt LRI AE R, PMF B AR T BRI WU 2% m R i
B

Raisetsud1 24



MKiE SHOG

P

fx(x)

> Ix(@) =

v

0,
1.

Bl AILAE &) support iy

supp(X) = {x: P(X =z) > 0}.

PMF 5 CDF fy % % /2

Fx(z) =Y fx(v),

y<z

fx(x) = Fx(z) — Fx(z™).
5 it PMF [ R B0 1F s CDF EAH B B S Bk BR
1.23.2  JUA[ 53 A (eI %6 0 ik PR B

Geometric PMF
KB — U ) S5 R ]

1—p)rt =1,2,...

0, otherwise.

Raisetsud1
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1.24 B 9 5 PR

Probability Density Function

1.241 ¥

Definition
Definition

(CB2e§1.6)

A function fx is a probability density function for a continuous ran-

dom variable X when
Fx(x) = / fx(t) dt
for every z.

REHESE AR B, PDF AR %, 728 6 BERE AR Mk —oo
B8] x A 155 2T HTSR
fx(z) = Fx ().

KL, R WK R

P(a<X §b) :Fx(b) —Fx(a)

b
= / fx(x)dx.
1.24.2 R
Point Probabilities
popLEsitl iyl =
P(X=x2)=0

g o . B

Raisetsud1 26
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Pla<X <b)=Pla< X <b)=Pla<X <h).

Wi%i: Density is not probability

fx (@) A P(X = 2). HEMEAART 1; HE fx A H# LT
BB 1, e A% . MRuAtE RSB

1.24.3  [X[a] L35y

Uniform Density on an Interval

B

£s

1
— a<x<b,
0, otherwise,

Xt a <e<d<b,

d 1
P(C<X<d):/ - dx

_d—c

Cb—a’

WREAHR AR X R T

1.25 H—ft

Normalization
Theorem
(CB2e§1.6)

A function f is a valid pmf or pdf if and only if:

1. f(x) > 0for all z;

2. the total mass equals one.
AR o R AR S LA AL AR B, i ELAE A (B2 ) PRy S TR b 23
BT 1.

Raisetsud1 27
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Zf(m) =1 forapmf,

/ f(z)dz =1 fora pdf.

— 00

1.251 k)i

Normalization Principle

#h(x) >0 H
0<K—/OO h(x) dx < oo,
o
flay = M2

se Bk PDF. h JUE i RIEAR,, IA— A E 40 KB 2T R ST AR T B 1.
BB B 25 h(z) > 0 H.0 < 32, h(z) < oo, M HLEAIH—ILRIAIFS:
#| PMF,

1.25.2 il 2: RIH—4L%

Example 2: Finding a Normalizing Constant

&
cx?, 0<xz<1,
f(z) =
0, otherwise.
HE TR 1
1
1 :/ cx? dx
0
_ ¢
=3
itc=3. TR

Raisetsud1 28
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8
_7
g
1.25.3 i 3: Logistic %%
Example 3: Logistic Density
H
1
F
X () gt
KF1RE
/ e_x
fx(z) = Fy(z) = Ateoe

IX ()% % B W] By CDF {E2%, W%t PDFE l43:

b
P(a<X<b):/ fx(x)dx
= Fx(b) — Fx(a).

ML FNTAERT, CDF 5 PDF #5 [a—rAiiaibfi B —FH 2 RHM
PR JRTRE R 5

1.26 B GESREHLAE

Discrete and Continuous Random Variables

Raisetsud1 29
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Continuous random

i H Discrete random variable variable

(AR PMF fx(z) = P(X = ) PDF fx(x)

Jo P(X =2)=fx(z), WA PX=2)=0

HIE
CDF Fx(m) =Y fx(t) Fy(x) = / F(t) dt
t<z e

X [E] % Xif P[] ) PMF 3K A XX [A]_F PDF 143

CDF 24k WA BRERI R #47AE PDF, W] CDF #%;
HAR 2

5 CDF [yt £ PMF J& CDF (1) #kik & PDF A f3{ i 2 CDF 15
£

Gi—Hiyi, CDF XfFraRitLA &#k77E; PMF 5 PDF J&if fl T45E 70128

R ERER R
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2w L. WIR L

Transformations, Expectations and Moments

fik#i: CB2e Ch2; ZA2:H] Chapter 2 ¥k}

2.1 BB s R o Al
Distributions of Functions of a Random Variable

IR R X e, e X

Y =g(X).

HAregm X Mokl Y afh. Ea2ehe g 78 X %) support 27
one-to-one, FIEFEEHKAI. CDF method 1§ change of variables.

211 EER

Discrete Transformations
Theorem

(CB2e§2.1)
If X is discrete and Y = ¢g(X), then

py(W) = > px(@)

z:g(z)=y

[l —~ y WREXT .2 oo I, Y =y BARRSE T AR g(x) = v )R
B R

Example
(CB2e8§2.1)
‘& X E%é {_27 _Loa 172} J:ig/}jﬁ]\ﬁa /?\ Y = X2° D_IIJ
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3
~
I

&
I

E
>
I
|

\l\/?
+

e
>
I

)
I

g(r) = 22 INJ2 one-to-one, LA 0 #h, 454N Y 7] BEIUEHB S A H A
G AR R
21.2  srAn Bk

CDF Method
Definition

(CB2e§2.1)

For Y = g(X), begin with

Rewrite the event in terms of X, then differentiate when a density

exists.

CDF method EZALHIFA/;: {9(X) <y}, AEK g . ERAEH TR
WA B KA R /IME, PASZE 5 support B v SR B TE «
SRR 2N E XS KT X fy gt

Fy(y) = P(Y

IN

Y)
<y).
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213 - AR

One-to-One Change of Variables
Theorem

(CB2e§2.1)

Suppose Y = ¢(X) and g is strictly monotone and differentiable. If
r =g (y), then

() = £ (67 0) | 1070
for y in the transformed support.

A X AL
d 4
@9 (v) ’

& one-dimensional Jacobian., EA&IE T A8 s AR DX R4 LR 4 , (AR 4
Bl E RS OR A — 20

Example
(CB2e8§2.1)
& U ~ Unif(0,1), H#4%

Y = —logU.

Hu=e Y THY 1 support Hy >0, H

ZZ =e Y.
P it
d
Fr(y) = fule™) |5
=e Y y > 0.
i
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Y ~ Exp(1).
#,7] Jfl CDF method B&iiF: %y > 0,

Fy(y) = P(—logU < y)
=P(U >eY)

=1—-e"

214 %28

Non-One-to-One Transformations
Theorem

(CB2e§2.1)

If g has inverse branches z;(y), then

dz;
dy

fy(y) = Z Ix (z5(y))

Ay M LA EUR SRS, 44 inverse branch FRTTHR— i, 5 LIX L
W REAR .
Example

(CB2e§2.1)

AY = X2, %Fy >0, P4 inverse branches

r1(y) =Yy, 22(y) = =y
FHNZ [P Jacobian 8 XHE YA 1/(24/y), FrPA

Ix(VY) + [x (=)
NG ’

fy(y) = y > 0.
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215 E&Es S FEinA

Normal and Chi-Square Distributions
Theorem

(CB2e§2.1)

If Z~ N(0,1), then
ARNE

LY = 7%, FREIESEE X T RS, Fiy > 0,

(V) + d(=Y)
2y
1 e~ V/2
V2my )
XIESE H A 1 1) chi-square density .
P R A, VR B X 1Y support, F55K Y = g(X) I support, FF
7 43 inverse branches, fiff5: PMF g PDF 14 Wi 2 JE A s &N 1,

fy(y) =

22 W

Expected Values

221 EERGEARK LN

Law of the Unconscious Statistician (LOTUS)
Theorem

(CB2e §2.2)

For a function g for which the expectation exists,

=3 g(@px ()

for discrete X, and
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for continuous X.

%4515 M Law of the Unconscious Statistician (LOTUS). 115 Elg(X)]
W, ATV, X A AR ARy, AsEHES Y = g(X) M2
B, # X g H T BrEAATE, M

E[X?] = /00 22 fx (z) dx.

—00

2.2.2 WIRAGZEEYE R

Linearity of Expectation
Theorem

(CB2e§2.2)
Whenever the expectations exist,
ElaX +bY + ¢] = aE[X]| 4+ bE]Y] + c.
Independence is not required.

B,

E

Zn: CLZ‘Xi] = Zn: CLZE[X%]
i=1 i=1

RPN R ORI EAAE, ANEOREEVIAE B2 7. SR
FRUN B 87 ZIE T AR, (B 2R AR -

223 fEndh

Indicator Variables
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Definition

(CB2e§2.2)
For an event 4, let 14 equal 1 when A occurs and 0 otherwise. Then

E[14] = P(A).

AR AT SR AR BUE N 0 2 1 IRELAE .

N = Z 1ix,eay

i=1

FORVENLEA A BINLIIAKL, )

[N =Y E[1{x,cay]

i=1

= zn:P(XZ S A).

i=1
# X1,...,X, identically distributed, H P(X; € A) =p, N
E[N] = np.
BCROPRA ML N TSI p I,

224 Jjk

Variance
Definition
(CB2e§2.2)
The variance of X is

Var(X) = E [(X — E[X])*] = E[X?] - E[X]%.

U5 2= P R LA B B SE (AP B AR . e CRIAS:
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Var(aX +b) = a® Var(X).
PR O NUUL R, M4 o 272270 o,

2.2.5 Byffidp/MET i B

The Mean Minimizes Squared Distance
Theorem

(CB 2e §2.2)

If E[X?] < oo, then the constant a minimizing
E[(X — a)’]

isa = F[X].

Proof

4 w=E[X], M

E[(X —a)’] = E[(X — p+p—a)’]
= E[(X — )*] +2(p — ) E[X — ] + (p — a)?
= Var(X) + (¢ — a)*.

BT o Jok, BTIAERATE a = p IR 0, BreA(ER-FIr ik i
I PR .

2.3 FRa AL EGR

Induced Distributions and Inverse Images

2.3.1 ARSI A

Distribution Induced by a Transformation
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Definition
(CB2e§2.1)
WRHIHVE & X e, YV =g(X). XY MEEHIEEES A,

P(Y e A)=P(g(X) e A
=P(X eg1(4),

J
+

g H(A) = {z: g(x) € A}

NS ATE g TR inverse image.
BRI, K'Y W5Amn] DARRE A :

KTY M — RTX 0 — FIHX 101 R AR

232 WRYS IR

Inverse Image versus Inverse Function

inverse image L2 7] PASE X, {H ordinary inverse function HA7E g *A one-

to-one I} 4 1EAE -
B, # g(x) =2*, Wity >0,

g () = {-vu. vy}

EEI g7 {y}) BN EWASES, AR R R B
BRIy SCER X Y AE y BEATAHER AT H DTRk -

‘g : Common mistake / H WY iR

HES =g ' (y), AHERE g 7E X [ support b2 A%
|, 2xlffi inverse branches. Y = X? RAEHMEHE z = /Y.
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24 @A

Discrete Transformations

241 —AR
General Formula

Theorem

(CB2e§2.1)
#r X BN R, Y = g(X), W

TSI AT DASES e 26, PR TS B [A— v BOMRAR . X R TR Jaco-
bian, [kl 1H LA /2 s _E 1) probability mass , 1 A& HLA7 < B N1 den-
sity.

242 ZX—AEHR bl

Many-to-One Example

Example
(CB2e§2.1)
_&
PX=-1)=1  PX=0)=1  PX=1)=-—
( - ) 17 - - 27 - - 47

HAOY = X2 MIRRR:

~1 1 1/4
0 0 1/2
1 1 1/4

ES)lig
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2.4.3 ISR
Binomial Transformation
Example
(CB2e§2.1)
% X ~ Binomial(n,p), H&EX

Y =n—-X.

# X Z2n n R Bernoulli 856 AY BT R L, WY FoRRMORE. Xy =
0,1,...,71, ﬁ%ﬁn—ﬂf:y%\ﬂszn—yv Ef[/y\

ES)lig

Y ~ Binomial(n,1 — p).

XA T Binomial family, FU2HE " (e L EH, S50 p
AR 1 —p.

2.5 srAliskigik

CDF Method
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251 —buk

General Procedure

Method
IMERZH Y = g(X), &5
Fy(y) = P(Y <y) = P(9(X) <y),

FHEAEN g(X) <y BRT X BF0E. 25 Fy FEAHY KE AL,

fr(y) = Fy(y).
CDF method JELHS&E A AR IE O :

e g NJ& one-to-one;

e [fi]—1~y £ inverse branches;

o )51 support AELE K 5

o SHEBESRRE, ARG .

2.5.2 JewE e

Support-First Principle
& X f¥J support 4
X ={x: fx(z) >0},

MY = g(X) i support 214

Y=gX)={g(x):z € X}
TR S E A AR w0, KR GE:

1. 5 X 1¥) support X';
2. 48 X s g AR Vs
3. itk g £ X LI Efif;
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4. AR, 8 X B T EE TR ;
5. ABRUMER Y —EEH.

VP4 A B OB SR (OB, T2 support error,

i:: Boundary convention / 35 Z)E

XS LA B, 2Ry XTI I BRA i A iR . 0t
SRR AR, R ST DA RAEM B F XA N 2 5 R 20
ST AR, S AL BT 5 P RN S A

253 CFJiEH
Square Transformation

Y = X% *%fy>0,

Fy(y) = P(X* <)
=P(-/y< X<y
= Fx(y) — Fx(=Vy)-

# X 4z H CDF affig, N

~—
~—

Ix(VY) + fx (=)
2./y ’

SRRk E « = /y 5 x = —/y B> inverse branches.

fy(y) =

y > 0.

2.5.4  Byyop iV Ji A i
Uniform-Square Example
Example

(CB2e§2.1)

-L)X-L

1 ! <x < !
) - €T 5

0, otherwise,
HAY = X2, AR |X| < 1/2, FrPAY i support Jy [0,1/4].
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W0 <y<1/4H},

VY
:/ 1dx
Y
=2./y.
e CDF
0, y <0,
Fy(y)=42vy. 0<y<,
1
1 > —.
) y = 4
5)lia
! O<y< L
=} ) Rl
Friy) =< VY 4
0, otherwise.

B fy(y) fEy L O TIE55, (HETMREEEEE, Fh
v L ay—oyy v 1.
o VY 0
BIEAERT 1 BTER S e TR A R AP HIER R AR %
E[STNENSY AT sl

2.5.5 E5EF iR

Sine-Square Example
Example
(CB2e8§2.1)
&
X ~U(0,21), Y =sin’X.

B 0 <sin? X <183] Y ) support Ky [0,1]. Xf0<y<1, %4
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a = arcsin(,/y), 0<a< g

Fiff sin® X <y HMT |sinX| < \fy. EDEEREM (0,2m) Y, R
ZAFR R TR BE R da. BT X AE (0,2m) B354,

_4a 2

F =—=— i 1.
v (y) 5 = arcsin(\/y), 0<y<
S GILEY
1
fy(y) = ————, 0<y<1.
m/y(l—y)
SERGN
0, y <0,
2
Fy(y) = - arcsin(y/y), 0<y <1,
1, y>1,
PAK

0, otherwise.

1
I e 0 17
ﬁ@»{wvmlw “vs

%A tHAR A arcsine distribution, 1 H.

Y ~ Beta (;, ;) .
S5 4 2 SEA 2 T B R PR S BRI, T e H B sin® @ fE— A
JEIIN R, 55 B 2 A SR X ] .
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2.6 RS

Monotone Transformations

2.6.1 CDF 2 gt

CDF Theorem

Theorem
(CB2e§2.1)
WY =9(X), Hg? X 1Y support X I FH.
ESl g <okt Bl

o2
A
™
oF

B ANSE5 Ty [ S -

9 X)<y = X>g'(y).

7k: Endpoint nuance / 3 55405

Xt MEREHLAS R, P(X > a) = 1 — Fx(a™). #8083 X %4,
A Fx(a™) = Fx(a).

2.6.2 #IEAEHEH

Density Transformation Theorem
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Theorem
(CB2e§2.1)

WX TEX FHAESHY fx, g8 X L8, HRRE g 'Y EAlfg,
iy

-1 d
o) = Ix(a7 W) |79 (y)', yey,

0, otherwise.

i X {2 2 one-dimensional Jacobian. ‘B fi& 1F AR X i K B 1 Fir A sk
g5, HARIER AR

2.6.3 5ot fasor A
Uniform-Exponential Relationship
Example

(CB2e8§2.1)

B X ~U0,1), iYL

Y = —log X.

g(x) = —logx 7£ (0,1) Ej™#%idis, BEN (0,00), KeKECH

gy =V

BRIEXT y > 0,

Fy(y) = P(~log X <y)
=P(X >eY)

=1—-e,

NT]

fry) =€, y > 0.

FrA Y ARMIFME N 1 B exponential distribution.
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2.6.4 Gamma 44 31 525 4

Inverted Gamma Transformation
Example
(CB2e8§2.1)
#t X HA shape-scale 241k} Gamma density:

fx(@) = ml) Gl
4
1
EEX:((LOO)) y:(0,00), H
“1p) = L d ’:1
9 (v) " a7’ (y) e
AN B 8 BE AR M A 2
1\ 1
fr(y) = fx (y) ?
_ L 1
= F(a)ﬁay + exp Gy ) y > 0.

%452 inverse-gamma distribution. %55 iEHI7H > 2 Jacobian 1/y2,

2.7 srBiAs

Piecewise Monotone Transformations

271 —Rei

General Theorem
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Theorem
(CB2e§2.1)
# X 1) support (Z i probability-zero set J5) 1] 7E]H

A, A,

H g 7E8A Ay FREHFAAGTHUR RS gL, Haxkfy eV,

)

k
W) =S fx (o) ‘jygf(y)
=1

Horp UG REAS W21 y 1) branches KAl
B5 B A N 2 H A A R 4544 -

ey AT = > FTA IR SR TTE.

2.7.2 EES SR A

Normal-Chi-Squared Relationship
Example
(CB2e§2.1)

_i&

X ~N(0,1), Y =X2

%fy >0, P4 inverse branches %

HH

ICARE ISR B
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fr(y) = ¢<—¢.@>2j§ + ¢<\/§>2j§
1

= ——e V2 y > 0.

2Ty
XIEZ HHE R 1Y chi-squared density, Kt

X2~

2.8 HWEHEBU LR

Probability Integral Transform

2.8.1 CDF 1) ¥

Generalized Inverse of a CDF
Definition
(CB2e§2.1)
X FRE AN ) CDF ', %2 X generalized inverse A

F~Y(u) = inf{z : F(z) > u}, O<u<l.

Bifl F A S KR e BkER, X LR 2 YERT . B2 quantile 7)™ 4%
E X, 2 inverse-CDF simulation [ %22 3Enl .

2.82 HERPIMEHUEA

Probability Integral Transform Theorem
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Theorem
(CB2e§2.1)
# X %) CDF Fx %42, W
U=Fx(X)~U(0,1).

i, X0 <u<l,

PU <u) = u.

Proof idea

1E Fx JES2I1 R A generalized inverse f414 R,

P(Fx(X) <u) = P(X < Fy'(u))
= Uu.
‘. Continuity matters / YE&M: &1k

X ONBEBAFENAS &, Fx(X) @ A2 U(0,1). 640 Bernoulli fifi
WAZ B Fx (X) HeBUERAME, ArTee A ESIY 501 .

2.8.3 WAL

Inverse Transform Sampling

RPN AT DA B .

U~U(0,1),

X = Fﬁl(U)v

N X /) CDF N F. EWM L, U BEHLIESE—1 cumulative probability level
1 F 1 AR AP [ X  f quantile.,
BT
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1. AU ~U(0,1);
2. Kf# U = Fx(x);
3. 4 X = Fy'(U).

2.8.4  EpRIRBREPLE B

Generating an Exponential Random Variable
Example

(CB2e§2.1)
W H 411 CDF 2f

%
r = —Alog(1l — u).

H# U ~ U(0,1), W

X =—-XAlog(1-0U)
IRMIYME N X ) exponential distribution, H1F 1 —-U ~ U(0,1), sk
WEHN
X = —AlogU.

XARRE T AT AR Z AL AR i 75285574 uniform random numbers,
SRRE T — 2D A i A RS54
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2.9 Jiikik PR A

Method Selection and Error Checking

29.1 Jjiklbss

Comparison of Methods

1HIE HEFITE e

X B PMF KAl B g(r) =y IR

g B HL s R A B Density transformation A R B 9 Jacobian

g AREAE R AT 4y By B Branch summation XA inverse branches
L DTEOR AN

support BRI CDF method Je3k P(g(X) <), FikF:

i M H bR TahhEE Inverse CDF 2 X =F1(U)

2.9.2 A AR AL R
Transformation Checklist
Checklist
XS Y = g(X) WF, $ELAR AR :

HH X f) support X';

KB Y = g(X);

HWr g 7E X b2 one-to-one;

A, 4 inverse branches 52 | CDF method ;
IEAEPEASE 5 1745 Jacobian 2 XH{H ;

it PMF. CDF & PDF j£[i] support —it 5 i ;

WA PMF 285K 1, B¢ PDE 2G5 1,

N o gl »® N
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293 SRR

Frequent Errors

Bz IEES (LN

ARIEH Y = g(X) # % support % S SRS A
DX 1]

P A R

IR ARAN S AN
g |dg ™" /dy|

K5 absolute value
HEXRINEBA

F 7| density KT 1 w4

AR B

CDF 5%

TR AR

S RAS AR 5
CDF A5 %
BRI 25 3L

SR g(2) =y 1Y
roots

M g(X) <y BT
S R FICR T8 R s — 2
Jacobian A Z B2 W {E

# b support 4Mig 0 5 1

KRy, AR s

210 HEEHEFR

Conceptual Connections

2101 BECHESE BRI B

A Unified View of Discrete and Continuous Cases

BRI RS AR

HAMFZ, 2L

AR SO T R

Raisetsud1

py(y)= > px(x)

z:g(x)=y

fo g

AL B AR YR B A SRR DTk -

o)

THERIME B Jacobian, &Kk density £xFifi AR R
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X

2102 LpiE AR &

Connection with Earlier Material

o CDF #ftipoit ] R KL 5

o [BlAILAZ B pR R 11 45 H AR A A BE R AE S

o AKX —HEZLY £ F| multiple branches. support-first analysis 5 proba-

bility integral transform

e inverse-CDF simulation 2 J5£ EH#: 8 T4 iU, Monte Carlo J5V:FEE

211 Rigk

Terminology

English H 3 Wi

transformation A5 HY = g(X) & SCHkEtLAE
=

induced distribution Vit il X s g /- EmY 1
Baxir]

inverse image 1% P9 g W2 H e A%
AR

inverse function R %R AT B B FEAE 1

support SCHESE BB ] REHRE 7 R

inverse branch B R 32 A B R FCLE B 1 IXTR)
1) SRR

Jacobian AERT O T — 4l |dg~ (y)/dy

probability integral R AE e HESE X 2

transform Fx(X)~U(0,1)

generalized inverse TS F~Yu) =inf{z : F(x) > u}

inverse transform sampling i AR filiF: M F-Y(U) AR E bR ik

ES

Raisetsud1
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4530k WK

Common Families of Distributions

fictit: CB2e Ch3; 421l Chapter 3 %4}

3.1 SRS S

Distribution Families and Parameters

3.11 Atk

What Is a Distribution Family?
Definition

(CB2e §3.2)

A statistical model usually specifies a family

{f(z]6):0€0).

Different choices of 6 generate different probability laws.

A family organizes distributions with a common mathematical form.
— I ZE 0 R fFRh distribution family :

F={f(z|0):0€c0}
XTEH T, f #8 PMF; © RATKSEHES. X LR, 075210
R g [ E AR 240, —E A RETRIA .«
Bl X ~ Bin(n,p): 47E n,p f5, X BEAEDRYL; 80% p, 52—
IR T — A0
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3.1.2 Bk
A Four-Step Identification Rule
L BLR: phor A A PR TO A, 2 ] v DI Y
2. BRIRAAE: BRI, IR A R R B R
3. WHBo % A BRI, SRR
4. ZFk: BuME. BRMERMAT BERATR?

ZHEE L5, support AN Z 5iF. HAEILArAGr, RIfEREAR
e K, B AR naERGE 0, . .., K.

3.2 N HIsr i

Bernoulli Distribution

321 R HIRIAL
One Trial with Two Outcomes
Definition

(CB2e§3.2)

A random variable X has a Bernoulli(p) distribution if

1, with probability p,
X = { P yP 0<p<l.

0, with probability 1 — p,
The value 1 is conventionally called a success and 0 a failure.

YIRS B TR RIT R o DI p, i X =
1, KIH X =0, idfE X ~ Bernoulli(p).

I RN, NRELE AT . BIANI STV BRI A “HIR
FE SR .

PMF -4
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X0<p<1lug—

flz)=p"(1 —p)lf‘”, x € {0,1}.
p =03k p=1 B FEIHE PR E e SGRI A, iU #E 0O,

322 ¥fli. HEYMibRE

Mean, Variance, and MGF

Mean
X HE0 51, Z5itHm:
EX)=0-1-p)+1-p=p.

&0 IR AR 2, X R AR A B AL I R R A

Second Moment and Variance

RS X2 = X, 02 =0, 12=1, T4
E(X?) = E(X) =p,
Var(X) = B(X?) — [E(X)] = p— p* = p(1 — ).
FIRRAERT: X(X —1) =0, # EX(X — 1] =0, T&

E(X?) = EIX(X - 1)] + E(X) =p,

5 Em—E.
MGPF
g SORAT, W et0 =1:

Mx(t) = (1 —p)e® + pe! =1 —p+ pe', teR.

HAMI, FrPA Mx 3—U15e8 e AR, X2 I b & F iy —4
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Checking Moments with the MGF

My (t) =pe',  Mx(t) = pe’,

Ak MYy (0) = p. Mx(0) = p, Mifi

Var(X) = M%(0) — [Mx(0)]* = p — p* = p(1 - p).

WSR2 TR — 4 5 s AR AT — A YR g e o) —Fh o
Intuition

p=1/2 REAERENERK, J722 p(1 — p) IBFIHK(E 1/45 p— 08 p — 11}
SURBOREELE, TEBETE. HEXT S 1—p XK, WL 8”5k
W HARAN LA E TE

3.3  HisrAn

Binomial Distribution

3.3.1 Mk T BN 8

Fixed Trials and a Success Count
Definition

(CB2e§3.2)

Let Xi,..., X, be independent Bernoulli(p) variables and define

YV =X+ + Xn.

Then Y counts the number of successes in n independent trials.

For exactly y successes:

We write
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Y ~ Bin(n, p).

A fixed number of independent Bernoulli trials with common success

probability is the defining binomial mechanism.

JFAIR Y FoRmahitss NG —H X FoRE—ATEE &, B L F#R5E
i YA Y BN HE 7R 7S i
AT n WA E ST . BEEIER YR p () Bernoulli 15, 4 X A INKEL:

n
X=3"1,  I;*Bemoulli(p), X ~ Bin(n,p).

noeBEARER, 0<p<1. BHEMNiEn>1, n=0H X =0,
=GRS s BEREL MEMNT . SRR AU PR EE R I
AN AW R 3054

3.3.2 MR R FAEL

Deriving the PMF

AN o WORTIOREEHES ], HARE ) p™(1 — )= M n AL,
W B, A (") b

n
T

mxzxy:<>ﬁu_mWﬂ z=0,1,...,n

sl p = 0, 1 B R . JH— ok A —iUE B

n

E:Cﬁﬁa—mww=@+“—mP:L

=0

3.3.3  MfEwiRhiES

Mean: Two Derivations
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Route 1: Indicator Decomposition

I EUE IR n AMERAS R 2 AL
X=> I  L=1{% kih}.
i=1
S B P AR P AN SRS M, R T DATE SRR

= ZE(IZ) = Zp = np.
i=1 i=1

Route 2: Direct Summation and a Combinatorial Identity

Wq=1—p, ¥EEF:

r=0WITAE. X o> 1 fEAESEK

ny n—1
()= 70)
BIEGE “etaE — D EIE, BAFESR n — 1 AALE Pkt H R )
fPE" ﬁ}\#/v\yzx—l.

ELX)—7Zn<n_1> -

=np(p+q)" " =np.

i HAERAARBN Bin(n — 1, p) IR BRI, 5T 1. XARMARN]: 1L
x WAL RO, n WK A E AT “— AR AL E” 1 DTRk -

Raisetsud1 61



MKiE SHOG HEX

334 Jj¥k

Variance

Route 1: Indicators and Covariance

Var(X E:\hr )+2>  Cov(I;, Ij).

1<j
MRS 4 T 22 0%, 10 Var(L;) = p(1 —p),
Var(X) = np(1 — p).

PIA Bk — AT Jr BN ORI 22 8%, X B s Rk il
ZIAFEATG, B FRAE

Route 2: Factorial Moments

FESRAL EROR ) — B e B

x@—lmz>:nm—1m2:g>

EARH ICAREM AN MIINE”. T

1%nx_1n:§iMn_D<Z_3p%nx

r=2 2
n—2
n -1 p2 Z < > n—2—y
y=0
=n(n—1)p?

P B(X?) = BX(X - 1)] + E(X):

Var(X) = n(n — 1)p* + np — n*p* = np(1 — p).

PR 24t [A]— 45 2R
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3.3.5 JibkeRg el
MGF and the Sum Principle

i1 Bernoulli [} MGF 57t 7 A1 i) S FH )

n

Mx(t) = [0 =p+pe') =1 —p+pe")", teR
i=1

I F AN G H—ANFER: 5 X ~ Bin(n,p) 5Y ~ Bin(m,p) fHEMA,
)
Mxy(t) = (1—p+ pe)*™,

o1 MGF ME—PE13 X +Y ~ Bin(n + m,p)o “MIREAR AT IR AL,
SO I A R SR
Checking Moments with the MGF

iLu=1-p+pe’, Wu' =pe

M'(t) = npetu™ 1,

M"(t) = npelu™ " + n(n — 1)p*e*u™ 2,

FEt=0u=1, =1, T2

M'(0) =np,  M"(0) = np+n(n—1)p?,

Var(X) = np + n(n — 1)p* — n?p? = np(1 — p).

Example

(CB 2e §3.2)
10 Y, AR 0.2:

10

P(X =3)= <3 ) (0.2)%(0.8)", E(X) =2, Var(X) = 1.6.
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PHESET 2 ARSI SR 2 YOl .

Bernoulli(0.4) Binomial(10,0.4)
0.3
0.6
5 = 02
Il 0.4 Il
X o)
& 02 Y 0.1
0 0
0 1 0 2 4 6 8 10
k k

I IR RN . AR R ) W S 2 B L R 3I(E np = 4 L

3.4 ®ILMr A

Hypergeometric Distribution

3.4.1  JojiknMiliE

Sampling without Replacement
Definition
(CB2e8§3.2)
Suppose a finite population has N objects, of which M are labeled

“successes.” A sample of size K is drawn without replacement, and

X is the number of successes sampled.

for feasible integer values of .
BRIE N AR, Hp M AYE TS ST REHICE R K A4,
X R P AR
RGN >1, 0< M <N, 0< K <N, N, support /&

|max{0, K — (N — M)} < & < min{K, M} |
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RN RERE AR A R SSRGS RO RSN R DA A, R
MAFREE.

342 MALA VBT

Counting Samples

BT K TREARIEA (W) Ao B00H « A, A M ASEEhie = A~ A
N — M ARk K — x4

support SMEF KT . BA RIS EL, FN T2 BEE LA TS P AR A 1
BN R T 408, /2 Vandermonde 1 55 2 1T ARRE .

3.4.3 Mffi: MFRTES TR R
Mean: Symmetry and Indicators

&p = M/N A i AL T RE SNSRI L0 X = 305, T
B I, ... I FHAAT
Marginal Probability

BEALE R A PR IR SE T po X — AR X AR AE 2 W] REfibRE
T, BHPENNREES « MIERPLSEDE 1N, HPies M ARt
%, Kt

KM

K
E(X) =3 B(l)=Kp=—

PIESA AR ISR A RS Bsl, A A
e
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344 JiZe S ATMEMAEIE

Variance and the Finite-Population Correction

Covariance Route

HI AL, J7 22 UR B My Ty 220 -

K
Var(X) = ZVar(Ii) +2 Z Cov(1;, ).
i=1

i<j
XA FIALE, LSRR R

M M-1_ MM-1)
N N—-1 N(N-1)’

FAN T EEHE IR TR

E(LL) =PI, =1,I; =1)

MM -1) M? p(l-p)
Covllnl)=Nn—1) "N T N-1

PhIr 2 — U T 2 W SO S S E R L2 e (5)
i, i 2(5) = K(K —1), Fivk

Var(X) = Kp(1 — p) — K (K — 124 =P)

N -1
K—-1
= Kp(1 —p) <1_N—1>
N-K
=|Ep(l =p) v

Factorial-Moment Check
5T, e

K(K — 1)M(M —1)
NN -1)

E[X(X —1)] =
A ALIA AL B B R A R A
Var(X) = E[X(X —1)] + E(X) — [B(X))?
HRH, 155 F 4R
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N _Il( & finite-population correction, j#/2 0 < N K < 1: AjkIn AR
F@’Ti{%\ﬁﬂi{ﬂiﬁﬁ WO ZEARTMIE K, p i Iﬁﬁ% K N IFEAS B AR
WENEE M, BIERTHE. 2ENET N =10E N - 1AR, H
AR, TEINE.

3.4.5 TpkeR% S I
Generating Functions and the Binomial Limit
FR U143 A1 9 TR 5 0 7 ) MGF 12K, (HR] 5 A BRI
M N-M
Ztg: :E)()m) tER,
EXPRE SR AR B TR MU IS T "MGE NFAE”

W LR E S GAtEER () () = () (Y5F) 5 Vander-
monde fH 2153

K\ (M
E<X> = (’C)N(k), k=0,1,... K.
k (%)

WL R B[(1+0)%] = S5 B " iEA BEEE G k=1 411
H Kp, k=2%H EIX(X - 1)], SaimgR—2
Relation to the Binomial

#H N —oo. M/N —pifii K &, W

M M-1 N-K

N N-1 P N

B E Z B T2 BIER BT 1, BIUamiEi®] Bin(K, p).

B L, RARAR I AR LA A BRI, kR, 2, K/N
ROT 2R (0 K /N = 40%) $EASGE R 3.

— 1,

3.4.6 Pty LbEz

Example and Comparison
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Example
(CB2e §3.2)
25 MRFR A 6 NI, 10 4, BEA—AS A RSN
. @Gy 13
P(X =0) = &) 60~ 0.028261.

BEH 10(6/25) = 2.4, ANEERGHIE A Bin(10,6/25), PAHIAESCA A .
2 K/N AR, BRSSO, 00 A T REE . X
10/25 = 40%, ANHEZBETCHL 50 o

3.5 Al

Poisson Distribution

3.51 [l X 1] A B A

Counting Events in an Interval
Definition

(CB 2e §3.2)

For A > 0,

X ~ Poisson(\)

if

P(X:x):ef)‘g, z=0,1,2,....
Hot A > 0 B2 XA AR A . A = 0 BT Bl e 2 X = 0 1R k)
fii.

H—fok H fa g
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Poisson 283 [l KA R L BURHA] . AN B YRR 7E5F IR Poisson i
FEfBx T, %Eﬁﬁuﬁﬂé}?%k’i v iRk, KEN b IXBEINTTRSECN A = vh,
SURLE P82 /DR, AR AMRIEE ST E iR A Poisson; 7
MR A A AL WJﬁnT*ﬁxlXIﬁJiﬁﬁlj\ TERE B AR DA S/ ) 22 TR AR

3.5.2 M. HESHREREL

Mean, Variance, and MGF
Mean via the Ratio of Adjacent Probabilities

P e AN /2! A

o1 e N(z—1) &’

Bl zpy = App—1 (2> 1) 85E L) o HpE R A

= prx = )\Zp:r:—l
=1 r=1
=2 py=A
y=0

AR A NE] “BEREANN 17, ATEEALBER R .

Variance via Factorial Moments

Xt @(z — 1)pe A4 R R PR

z(x — 1)py = N?pyo,

[e.e]

Z x—lpx—)\22py—)\2

= y=0

t E(X?) = E[X(X - 1)] + B(X) % B(X?) = A+ X, Hi

Var(X) = M2+ A - A2 =\
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WIH ST J5 2252 Poisson 73l B RYFFAE, e FIWT & 2 15 A iz 2
ER— R LR
MGF

Mx(t)=e Y (A::,)
=0
— e exp{)\et} = eXp{A(et -1},

Xt PIER AR SRTAT

M (t) = X' Mx(t),

M;/( (t) = )\etMX (t) + )\2€2th (t)

TE 0= 04b My (0) = 1, M Mic(0) = A, MY(0) = A+ X2, Jr2H A,
Additivity
# X ~ Poisson(\) 5 Y ~ Poisson(u) FHH AL, N

My (t) = M =Denle!=1) — (Otm(el=1)

filt X +Y ~ Poisson(A + p): AR XA FEEBATMA 0L, XIE 2
Poisson 4377 id A iR THER R o

SEPR B TP E S EE R, UL Poisson #RAY AT REAN Al (H &
AHVT WA JE PATIE A A2 1E A

3.5.3 W5 Rt

Rescaling Time and Computing Tails
Example

(CB2e§3.2)
B 3 0 4PEs) 5 N IE. 18NS ECh
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A IR A -
P(X =0) = /3 ~ 0.188876.
/02 AHLE:
P(X>2)=1-P(X=0)-P(X=1)

—1— e 5/3 (1 + Z) ~ 0.496332.
Z:%:TE 1/§//I\ 2// gﬁ‘z 1 _ P(X — 0)’ %B% ”i//l\ 1/10

3.5.4 HEREHEAX
A Recursion for Probabilities

Bps =P(X =z), W

_ A
po=e ", Pr = —Pr-1, x> 1.

RUTZAABPII PMF AL, F2 MRS, M po BBHELLE AT
FeHTTE

3.5.5 ISy A i AA B R

The Binomial Limit

% Xn ~ Bin(napn)a H
n — 00, Pn — 0, nPn — A,

DS R FT VA | Bk

ACE
P(X,=1z)—e .
x!

NEWEEI, B p, = A/n:
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P(Xn =) = n< z!
SCHACE
n n
— 1= et
x!
BLR “REHLE, TRUARERAUN, (ET58 IO Y, TR FUR n
Example
(CB2e§3.2)

5 TURPRHAA 1500 A EAda], A BT o Hh BHE PR RO ME S 1/500. 4%
P GHE i )

X ~ Bin(1500, 1/500),

A] [ Poisson(3) iEftl. £ 2 NHEFHIR:

2
Pua<mze3<1+&+2)z04%wa

TIRAME E AR AN 0.422966., PHEBENT, (HITUEAZE TR .

3.5.6 AR LR EIH
The Poisson Process Principle
TR A A A A TGS R (N () 0. FRERAELERN v > 0K

FFIK Poisson s A%, AR :

1. N(O) =0;
2. MEEMNT : ANAHASHS ] X JE] b B TR
3. MhE-PRR s KEER b IR N T 1 A s
4. INXKEI L KE—IK: P(N(h)=1)=vh+o(h), P(N(h)>2)=o0(h).

F AT HE H P AR T E e
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Conclusion 1

N(t) ~ Poisson(vt). 3 [0,t] 243K n B, FREKEE t/n. 24 n K, 4
B B RBI N vt /n, — B R AR DA B AHIES ] Z0m , 25 BOSURE H AT
e N (2) SRR
Bin (n, Vt) .
n

4 n — oo, H 6.5 TTHTHMRERE & RISH] N(t) ~ Poisson(vt). iXWUiLH] 6.5
AR SR E F & 8 YRS/ MRS B TSR] L A SR
b

Conclusion 2

FHAR PR ] B AR AR A e B8 T 88— RSP R AT SR
t ZHIM AR, SFHT [0, WIHTECNE:

P(T >t)=P(N(t)=0)=e",

VA T H) AR K 1 — e, RN ve™ o FEE -5 B R LA 24K
A O —HRR "R U7, HIEEA LT

P(T>s+t|T>s)=e " =P(T>t).

DR T AT AL BRI S U3 AT 2 B RORHR]_E A< F7 i 1], Poisson
it [ E I TR AR TR, i SRR A BIRR

Poisson(3)

0.2

)

0.1 +

P(

SR\ = 3 FIRHR AT 22 SREM 0, e EER B .
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3.6 JLfl 54

Geometric Distribution

3.6.1 SE—IKIRIIT T AR

Trials until the First Success
Definition

(CB 2e§3.2)

A discrete random variable X follows a geometric distribution with

parameter p, 0 < p < 1, if

P(X =z)=p(1—p)* 1, r=1,2,....

Here X represents the number of independent Bernoulli trials re-

quired to obtain the first success.

M7 # A Bernoulli 355, WIIMEREEH 0 < p < 1. & X RN K
A RIS AL, 101E X ~ Geom(p).

JERE: Bz — L RAETRRI, 5 o R, Ak X 5ok 1, A0,

Sq=1-p, N

P(X>n)=q", n=0,1,...,

I HT 7 AR X n > 1,

P(X <n)=1-4".

PGS o () CDF, = < LIfRHE, o> 1R 1 — ¢, BH CDF 2
WA R B
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3.6.2 JibkeR%k. ¥liti %

MGF, Mean, and Variance
wg=1-p

Normalization

PMF RFIN 1, 55 EHEPRIIE

- 1
Y p=p =1
r=1

Mean: Differentiating the Geometric Series

Sl EEAGEL (Jqf <1):

= 1 < ., d 1 1
g;fzzﬂﬂf ggxf dg1—gq  (1-g)
T
N a1 1 1
E@ﬁzggmz PP g

BT ¢ BAEM ¢ RSEFAEME T, RNABETLT 2¢* . X5
Poisson 43111 FHAHABHEZR LUAETH 2 = J2 [7]— AR
Variance via Factorial Moments

Xt [l — R 5

ixw 1 2
o T 13
o (1-4q)

W1 pq:
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2g 1 1 2¢g+p—1 q
Var(X) = -+ - — 5 = =,
&0 P p P p? p?
wE—2Hp+q=1.
MGTF and a Derivative Check
75 i %5 FE 988
pet
Zetxmlzip qet<1.
qe

WS AR RS, Bit < —logq; p=1 (¢=0) B X =1, MGF H ¢ H.
SIS AE R, BT REE. X My kS

pet M (t) _ pet(l + qet)
(1— get)?’ X (1 — get)3

FEt=041—-qg=p, FPA

Mx(t) =

Var(X) = - =,
Sk e b i ek g R —2.

3.6.3 Joidiett

Memorylessness

Theorem
(CB2e§3.2)
XEAEEE 0, m,

([P(X>n+m|X >n)=P(X >m)|
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Proof

n—+m
HX>n+myX>m:qw —¢" = P(X >m).

SR, s >t R ARTUERE

PX>s|X>t)=P(X >s—1t).

E4% T n IRAAREY), KGRI RRIF R —FE . K es
WA R A Dy s ol Ay, gy, ANg "BELRMARZ IR, NIRWAIRE
The Converse Also Holds

WHUET {1,2,...} WBEPLAS W 2 Tieet:, id g(n) = P(X > n), W&
h

g(n+m) = g(n)g(m).

Wom =19 REMM, 5 9(n) =[g()]" =¢", Hhq¢=PX>1); T2

P(X =n)=g(n—1)—g(n)=q""'(1-q),

AR B2 {1,2, ...} EME—RYIEicAZ oy, X R ES:
i a]_EME—R JEic A2 A ERAGAITR
Example

(CB2e§3.2)

BUTIER RS HIDA p = 0.001 AURERBIR, 48 “HIR” & SOMsg. ATl
J 30 KRR N

P(X > 30) = (0.999)*° ~ 0.970431.

ET 20 REARIR, FEATEGE 30 K AR, 0.999% ., X 21 E H AR
IMERBI SR HATIA Uil , A —2E eitic.
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3.6.4 BB JORIIHiG R W
Counting Failures Instead

HYY =X-1, W

p

Evy=2  var(v)=1 My(t) = 1=

p p?’
XA R SE R FNAR 1Y geometric 8L, UM TFRAMAE 22, WifpE
SEMZE 1, MR
Xz L, EEB ISR
PY>n+m|Y >n)=P(Y >m).

AN BT ERBCE SOH AR TS AU RIS SR WtoE S, |5 22 1,

3.7 S Wisr i

Negative Binomial Distribution

3.7.1 55 r IRIRIP il SR 8L

Trials until the r-th Success
Definition

(CB 2e §3.2)

In independent Bernoulli(p) trials, let X be the trial on which the rth

Success occurs.

—1
P(X =2)= Cj_l)pr(l—p)“r, r=rr+1,....

This is one common negative-binomial parameterization.

BRI RN 0 <p <1, HEFRSEHREL r RIERE. 4 X AHUS
S Y B 5 A R R
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=X =ua:

o fJa— IR ;
o [l — 1A r— 1 RKII;
o IH 2 —r K.

il o — 1 VAR B BN LA (D7) Fh, B —Fh 2 B HES B p™ (1—p) ™"
FHAFe IS 2] ik PMF,

YLEHORIE (%), PR RS — VR R B E
3.7.2 “Ef§mtRLZHN
A Sum of Waiting Times

M — 1L RIEIIENEE § OS2 (SR a) (Fe Bikgs i giot) idh Gy.
WS AR R R, G, ..., Gy ME M. HE R Geom(p), TS kIR ik £k
eIk BEAE R [R) 2 A -

X=CGi+-+G,.

Mean and Variance

HUW R R LM S Ty 22T (55 BORM E AL ) -

E(X) =Y E(G)) =",
= p
Var(X) = iVar(Gj) = T(lp; p).
j=1

MGF
HIHSZ AR FARE NS 7.2 F 4R,

r pet pet T
Mx(t) = :<1qet) , t < —loggq,

Hofig=1—p. r= LEFESULT p= 10X =r, JEELHE.
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MGEF Verified Directly from the PMF
La=r+y (y=0):

. etroo r+y—1 L
—(p)ygo( ' )( 0
_ (pe")”
(1_qet)’r’

a2 T R IR

o0
—1 1
SN )= L el <,
y (1—=2)r

y=0

BRI dE PMF H—ft (76 ¢ = 0 ML 2 = q) WRIE. iSRS i —
MGF, UiH] “SEfpif a2 F1” ffiRe S PMF 524 —%.

3.7.3 45 r ORI I We ik B

Failures before the r-th Success
Definition

(CB 2e §3.2)

Y=X—-r
the number of failures before the rth success. Then
PlY=y) = <r+z_1)pr(l—p)y, y=20,1,2,....
AY =X —r, EEGRIERECP R r ORI, BT RS 1t
i support {0, 1,2, .} SAFWAEH (V7Y B () = (V).

Xf RS MGEF:

E(Y) = , Var(Y) = ;
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Example

(CB2e§3.2)

BIAER p = 0.2, SF205E 3 alHh. SMREISMH N 3/0.2 =15, ZHik AL
WE N 15— 3 =12, W ZHH 3(0.8)/(0.2)2 = 60.

SREETF R 5

P(X =5) = (g) (0.2)3(0.8)* = 0.03072.

3.74 Wt 2—BARATEIACHE:
Why It Is Usually Not Memoryless

Mo > 1, FFHARIRE e RS A I 28R 2 DR, FAR
JIr R R 32 3 A5 B

Bl r =2,p=1/2, X 25 _WRBINHEFRHEL

3 5)

ES)id

5/16 5

JUR G TEICAL, ANREIR LA 3 Frfy f2 3901 .

3
;AZ:P(X>2).

3.7.5 bR B A B

Overdispersion and the Poisson Limit

Poisson-Gamma Mixture

PRI B AR A G2 BEPLY . VTR0 S H Poisson HAMH. %

Y | A ~ Poisson(A),
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o A RMIEAR A 7 EEE B BN 53A1i . 4 Poisson () PMF 15 {ijl Hy 2
FHARJEXE A B, R R ARG U R N Eh o, TR v DA B

r+y—1

HY=w=< )

. _ B
>p (1_p)y7 p= 1+ )

RXIESE R M AR 52 A5 ISS3(E r/B8 =r(1—p)/p 5 Y MIIH
_Aﬁo

Overdispersion
REZ)E
EWﬁJﬂ;m, VmWﬁfg;m:Eg)>ﬂﬂ,

KA 0 < p < 1. Poisson M ERIGMHESET 2=, MR I i i 2K
TIE; EBR TR PR A I K TAEARIIE, I Al .
The Poisson Limit

[l r(1—p) = A, & r—o00. p— 1. HEMEN MGF

- (722) . a-1-w

1 — get

BOWHOTH log(l — 2) = —x:

rlog =rlog(l — q) — rlog(1 — ge') — A(e' — 1),

1— get

g My (t) — exp{A(e! —1)}, Bl 57 301437l 83 Poisson(\) . i3 F Poisson
& R RBENL BIRRRR : ML . SRR PR ERR E R, 1R
ERUV IS, [H1%)] Poisson.
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Geometric(0.4) Negative Binomial(3,0.4)
04 %e 0.15 % P

2 031 = o1l
Il Il
e~ 02 o
& & 005 |
il m ‘ ‘ |1

0 1 T T ? ? ® e o 1 1 1 I T

13

3 5 7 9 11
k k

Bl T #RE ARG — R 55 3 WO R T REFT58 3 Wik

3.8 MRS

From Sums to Integrals

3.81 #IERE IR

Density and Probability
Definition
(CB2e8§3.3)
AATAEAR AT AR AL f, (ERELAS R X 2

mXem:Lﬂ@m

Xt—UInIE B oz, WFR X IS EENIAR R, f  HARARE EE eR AL
SRR KRB AT RO RY PME B AR, Ly
AR R, RARD A GRS S B,

=

fz) RARREEE, AR
FT AT E T A T
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Zero Point Probability
BB ={xo}, W BRKENE, i

:iémjﬂmdx:

Pr A A BN AR R BT — S e (R R A2 . XM 7oAl “ X
Tl 2T 37 AT, T X Y AE 3 ML AR
Endpoints Do Not Matter

R B R 2
Pla<X <b)=Pla<X<b)=Pla<X <D).
BGEEI AN 2 Z5 T DX T8] 5 PAT X ) o
3.8.2 Wi
Density and CDF
Definition
(CB2e§33)
HELE T FEHLAS B Y 20 1 sR AN
ﬂ@:ﬂXgm:/xﬂwﬁ
TREE SR B SRS R R:

o NEEMNREC F(x) = [T f(t)dt;
-m%ﬁuﬁﬁﬁgifFTﬁmﬁiﬂ@:Fﬁ%

X2k HAME R R MR RS B D FEAR T B SR X Y AR X ) MR, BE
AR (1% F(b) — F(a)), R PAECHEEES M BRI
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Remark
FIWT— AR BCR G N, Rtk . Bah 1. HREEHEE
B, s A5 e R B——iX R B 5 I — /M

3.83 HBUKRH

Moments as Integrals

YL R AL g,

B BUIE R X, 9(0)f(x) 564747, HIFESURTHY TE A2 5,
HED

BQY) = [of(@)ds,  Var(X) = E(X?) - [E(X)P,
Mﬂw:Ewﬂ:/?W@mm
B W A P

/ZMﬂ@M<m

A
&
o

AR L, RIGEAE A B S X AR AR FRAETT 2] 0,
E(X) =0, M2 E(X) AMEAE. FPUAGIEZX AT (W 6 7). X ieiEsk
B R HAR IR R . (EEEAR D) 0 A BT

3.84 WIAERIBUY

Two Fundamental Integrals

JE 2L AARH A N A, SE BTG A
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The Gaussian Integral

i

I:/ e~ /2 dy.

ARV I R BN RE IR S8 R AR, (HAT DAl “Je Py . PR AR
EitHEEo 18 1P B EAYY, HEAE A E T

= /00 /00 e~ @2 qa dy.
TER AR © = rcos 0. y = rsind, N

? +y? =12 dx dy = rdrdb, r € [0,00), 6 € [0,27).

2w oo
= / / e 2 dr df
o Jo

=27 [—e*’ﬂz/ﬂ o 2.
0

ES)d

I:/ e_$2/2da::\/27r.
—o0

H ] — At 153 — BB X a > 0,

/OO e~ gy = 27
e a’

Hifi% z=u/Va. JGHHERIESD . R MREE N E.

The Gamma Function

E X
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FAr BRI PTG A 20 Bl u = 2271 dv = e %dx, W du = (a—1)z*?dz.

— (0= Dl(a—1),

RNz — oo FHEBEEMRTRIEK: z —» 0 ZOK a > 1. F4rih
H

FNa+1) =al(a).

MEET() = [y e "de =1, BEIEAGE

RN L B A B SR (R RS2, X IE R AR AL T A v R B IR A

3.8.5 ELERLRIENMURIE A

Four Techniques for Continuous Moments

AR a1 T KN E

ool AR HER B R RS TR H [y e e "de =T (a)

fic 175 A RSB R KL R, A
fe_“2/2du =27

R B T R AFRRECR B NS, HiE
SIME

MGEF k& 24 M= MGF sk M4 (0) 5 MY(0)

S PURhE AR B B BB T A AL A T, 5 AR MR TR
K. MUEHHEE BTN, FkB AR BB e te/8 A M EE: I
e (T=m)?/(20%) sy o P S B SRR S I
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3.9 Y25

Uniform Distribution

3.9.1 #IES iR

Density and CDF

Definition
(CB2e§3.3)
o X N

fl#) == a<z<h

WIFR X IRACIKTR (a,b) ERO9%)509, JEfE X ~ Uniform(a, b).
S B SR “TEAEAT R K T AR MR A 15 X ] K
FERIE 1

P@<Xxuozz_? a<c<d<b.
—a
I3 BRI X (A) o = B
0, r < a,
F(z) = x—a’ a<x<b,
b—a
1, x >b.

FE a,b IRl FANALS, (HROR M Ay BRAS O s B A SO R
PRI M B P 2 A RVRIX AR “ Al s I
3.9.2 HIXFRIEARIGNL
Mean by Symmetry

WAL (a,0) ENHR Sy “EO” g KA, TR

a+b
5

E(X) =
Wl PAE AR A0
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by 1 ¥ —a>2 a+b
E(X):/ab—adx:b—a' 2 2
KIFRPER A EA I AREXT o = e PR HMEALE, W E(X) =c.
PR 2 — c RAW RSP RECH AT AL X HL [ ] f(z)dr < oo, BFRARIFR
PERTPAE B A (S Aa ) XL 6 7).

3.93 Jj¥
Variance
i B ] 5
1 b b3 _ 3 2 b b2
B(X*=— [ 2%dz= o _athadd ,
b—a J, 3(b—a) 3

BB T EAR D —a® = (b—a)(a® +ab+0?). T2

Var(X) =

a®+ab+b? (a+b>2

3 2
_ 4(a® + ab+ b%) — 3(a® + 2ab + b?)
a 12
B (b— a)2
12

T EFMOIX IR, SAETR: BRI, SHEREAZ.

3.9.4 HikkeRE S LR

MGF and Linear Transform

1 b . €tb—€ta
Mx(t):b_a/etd:n:t(b_a), t # 0.

et =0 4043508 0/0, Hily
t2(b? — a?)
2

PIABRLA EH(b — a) 4t — 0, 13 Mx(0) =1, 5 Mx(0) = 1 f—fRerEm—
o WHERRESE M (0) = (a+b)/2, SEIHRIGAIEEMAT

e’ — el = t(b—a) + +-
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Linear Transforms Stay Uniform

% U ~ Uniform(0,1), a <b, %

X=a+(b—a)l.

AR EER X W X a <z <D,

Fx(0)=Pla+ - aU <2) = P(U < {=20) =522,

e

1

Cb—a’
B X' ~ Uniform(a, b) . $XUEIAIY 5) 02 -5 REERII L : A ESH0N

av RIEZHN b —a (WH 7).

Example

% X ~ Uniform(0,1), N E(X) =1/2, Var(X) =1/12. #Y =3+ 4X,
MY ~ Uniform(3,7), MIifi

a<x<b,

fx(z)

347
==

AN E(3+4X) =3+4-1 =5, Var(3+4X) =16- 5 =
H—E

5, Var(Y) = (-3 = g

E(Y) 1

&

3.10 b5 Al

The Gamma Family

3.10.1 X HHbHE

Definition and Normalizing Constant
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Definition
(CB2e§3.3)
XZ8a>0. >0, HHERN
1
(o) B~

WFR X AR5, i8fE X ~ Gamma(a, 8). HHt o Z2ERSEL, B2
REZH.

Where the Normalizing Constant Comes From

GrREAE ST HLE R, T2 N S AR S R o AR 2 = Bu (dz = B du):

2o teme/B, x>0,

fa) = ¢

/Oo zaflefx/ﬂdx — /w(ﬁu)aleuﬂ du
0 0
= ﬂo‘/ u* e tdu = T'(a)B°.
0
P[RR T(a) 8 BISE A N 1o X WBEH] T(a) B IERH—LHE L.

3.10.2 ¥y

Mean

KRR o WORHERR: «- 207! = 2%, TRBVUNEHE MM -

o o a-l-a
1xxy:A xfzwsﬁfdx
:Fdﬁaé 2% /B dz
a1
F(Oér‘é‘al))ﬁﬁa - = af.
FEIREE AR RIS o + 1 ISRy, FrDAZERE T(a+1)89T
BE—% M T(a+1) = al(a).

3.10.3 Jj¥%

Variance

[FIREAE 2 WRCHERR I -
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[(a + 2)32"2
()

HpT(a+2)=(a+D(a+1)=ala+1)'(a), T

E(XQ) — = ala+ 1)52,

Var(X) = a(a+1)8% — o?B% = o>

PSR T o ek (B ), B oeE RIE; W57
ZEHBE B NPT K

3.10.4 HiBEeR%

MGF
el 5 em/P gt

Mx(t) = F(al)ﬁa /Oooxo‘lexp {—x <; —t>}dx.

Bt <1/BHHEZPAIE, 2

1 1
—:——t f— ﬂ,: 6 >0,

g B
WRL 2 AR B T(e) (8)%. DI

_ T(o)(B)* _ ( 1 )O‘ 1
My = Fpe ~\i=m) "7
SR AT T 4t > 1/ 8 RHSECNFE, MGF AFAE (BUES +o00).
Checking Moments with the MGF
Wu=1-0t, WM =u"%, du/dt =—p,

My(t) = afu™",  ME(t) = ala+ 1)

fEt=04u=1, FrA

My (0)=aB,  Mx(0)=ala+1)8
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Var(X) = a(a + 1)82 — (af)? = af?,
HHBER AR

3.10.5 5%

Exponential Distribution

Ba=1, f10(1) =1
f(z) = ;e_x/ﬁ, x>0, X ~ Exponential(5).

Eik2 Gamma(l, 5), PR E L

E(X)=p8, Var(X)=p8%  Mx() = t<—.

Direct Integration Check
MBS E(X):

o0

E(X) :/0 %e*x/ﬂdx = [—xe*x/’ﬂ —i—/o e /Pdx = B,

0
NHFTRZE. [FH
00 932
E(X2):/ Ze By = 22,
o B

i Var(X) = 26% — 5% = 5%, 5inhs i AR5,
CDF and Survival Function

HAER

Flz)=1—e/58 P(X >z)=e"P, x> 0.
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Memorylessness

XHER s,t > 0, FLAPHIRRE SOF F AR R 2L

P(X >s+t)
P(X > s)
ef(s+t)/6

— — e /B =
=5 = ¢ = P(X >1).

PX>s+t]| X >s)=

Remark

TCACAC R AL & 2 e MR R, W "E LR T s /N
PR 3K {5 BRI AR ) 4 5 0 1 o X5 2026-10-05 ZE10 i) JLAR 431 54 5
N —— J U434 e B B ) O A2 S s TR) 88504 2 SR SR I R] I A X6
Yo ROIRMEAL: $58050 112 [0, 00) bME—RA I ES 21 .

3.10.6 KJisrAn

Chi-Squared Distribution
Ma=v/2, B=2:

1
- - v/2—1_—x/2 0
f(x) F(y/2)2’f/2x e e x>0,

T X ~ 2 (0), v BB, T A 25 7

E(X)=v, Var(X) = 2v, Mx(t)=(1-2t)""? t< %

Why the Name Chi-Squared
B Z~N(0,1), Je55 2% i MGF. JBFREIEZSH BERAT & H A

[ee]
1
My (t) = / el —— e F2q;
— 2m

_ > 6—22(1—2t)/2dz'

Vor )
Yt < 1/2/H 1 -2t >0, 14 WH—BELHY (Ra=1-2t):

1 2 1
Mya(t) = ——1/ =(1-2t)"1/2 t< —.
ZQ() \/% 1— 9t ( ) ; <2
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XIFE 2 Gamma(1/2,2) = x*(1) # MGF, a2, — Ak e A7 st P
JiMRN 15 1R 554 -
P 21, Zy MTE ST HARRA N (0,1). digsr ARG SFARIA N,

v

My po(t) = [T =207V = (1 - 20772

i=1

h MGE iP5

14
> 722~ XP(w).
=1

R R AR AR B v AMSAREIE S 2 M. R
Je X A5 RS RR A% L A, X B MGE TR EFEIE SRR 2
HARH I, AR E Lo

Gamma(a, 1) X3 = Gamma(2,2)
0.2 5

—a=2
0.3 ---a=5 015}
B 02 = o1
= =
0.1 0.05 |
0+ t t T 5 0 t t t t t t d
0 2 4 6 8 10 0 2 4 6 8 10 12 14
x x

MEREET, TERSE, WA 3 2IRA 2. RN 2 ) Gamma 43 .

311 k&S0

Normal Distribution

3111 X

Definition
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Definition
(CB2e§3.3)

f(z) = ! exp{—(x_’u)z}, z €R,

2o 202

WFE X RWSECR 1 5 o? IESH, 2k X ~ N(p,0?).
Hi 14 WHEiRsy (B a = 1/0°) ATDABGIEE S8 A 1:

/Z f(z)dx =

Hp=0. 0=1KNFARETLESDE NO,1), HEZIEE o o mimind
fE @:

2mo? = 1.

3.11.2 krifEft

Standardization
Definition

(CB2e§3.3)

WX ~ N(p,0%), %

PR Z h X BIbRE AL &
Why Z ~ N(0,1)

MR gL . AHMER 2
X —p

g

FZ(z):P< gz) = P(X < p+o02) = Fx(u+02),

Hop Fx 2 X g, Praxt 2 ks (ZamEoril, WESECh o):

Raisetsud1 96



MKiE SHOG HEX

J2(2) = ofx(u+02) = ¢17w2/2,

™

LR AR EIE S . I

P(Xga:):P(ng_”):cp(x_“).

g o

X PUERIES T BN A — SRR ISR, IR R E AR
Symmetry
PRUEIE S SR R AL, LR 2,

O(—z) =1—P(2).

Proof

ERH u = —t:

@h@:/%@@ﬁ:lmwmle—/zﬂmle—Mﬁ

—00 —00

TRATFCME 2 > 0 Y ©(2), M B RA. XA RN E 5.

3.11.3 ¥fisJiz

Mean and Variance
Mean via Symmetry

TN EAFAE: [ |2|f(2v)de < oo, FAFRECERMR TR . RE1EHRH

U= — [

B~ = [ (@ e e oy
- /OO we /o) gy =0,
210 J_oo

a2 PR AR AR AU KA AR . PR

E(X)=p.
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Remark

CHEEATAE” X RN BB o BP0 A B R eR AR R R S T R R AR, H
S|zl f(z)de Kt A BE R FRIEWT & HI o F—ERAB A

Variance via Integration by Parts

ERH u=(z—p)/o:

0.2

E[(X —p)? = Von /_00 ue™" P du.

VHBBUMHI dv = ue™ Pdu, v = —e™"/2, Jh5BUMH

/ ule 2y, = [—ueiqﬂ/zro +/ e 2y,
=0+ V2r = V2T,
HATUCRE . FI

2
Var(X) = \;ﬁ V21 = o

WNSEA S SO BLIAEG: p BB (REHD), o BRIESH (JE
ITHUFERE) o
3.11.4 HibkeR%

MGF
I SOFIETT o R AEAREGT B g 4V 7

(x —p)? _ t+02t2 B (x — p— o*t)?
202 T 207

WEREBYY, S o TERAH TR R

tr —

1
2ro
I

S WA ERESHE (BE p+o. % o?) e H% iy, %
T V2mo., T2

Mx(t) =

e#Hﬂjﬁ/Qj/“)e‘@?ﬂ—a%ﬁ/ﬂg%dx.
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2
EX DI AR, LR M h AR IR B Z —
Checking Moments with the MGF
R

M (t) = (p+ 0*t) Mx(t),

My (t) = [0 + (u+ 0%t)*] Mx(t).

Tt =04k Mx(0) =1, #&

My(0) =p,  M%(0)=0®+p?  Var(X)=o"

3.11.5 ZRPEAL A BT

Linear Combinations
Theorem
(CB2e§3.3)
X1, X MIEASE, Xi ~ N(piy o), an,. .., an FHEEL W

n n n
Zain‘ ~ N(Z Qg Za?a?) .
i=1 i=1 i=1

Proof

H MGF fefliE N (s g ity B[[Te' ] =[] Ele' ™),

Mz a; X; (t) = HMXZ (ait)
2 2t2
—HeXP {azmﬂr ’2’ }
=1

t?
=exp {tZaiui + 5 Za%af} )
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XIERE N (X aipi, Y a?o?) g MGF, M PERIFFE5E
Corollary
o T IE AR R AR IE RS ;

o ¥ X1, .., Xn MSLREIMET N(p,0?), Bla; =1/n15

2
‘YNNQAU>,
n

FEASIIEN T 2206 n )y, 02 R ST TR B RS A A ARAR S A 5

o IEASPEFE “INHRC. MR MREE, X RS T B RERA &
X

Normal(y, 0?)

pREEIHL o SR S, AR, AU L.

312 UIBESM

Beta Distribution

3121 wX

Definition
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Definition
(CB2e§3.3)
Xfa>0, 8>0, HEEH

MFK X ~ Beta(a, 8), Hrf

B(a, p) = /01 271 — ) e

PR DUE R FEOABUEBRSIZE (0,1) N, DIIEAHHE AR A,
RE HEAMRRAS B ENE, Bl AR X AR
Remark

DI A5 I R R B 2 AR AR B AL H R DU 3, U0
03 Ay BB BRI A DU — 343 AT . 3t 2 B AR DU ge i i i A “HiRer)
el B

3.12.2  Lifnth e B &

Relation to the Gamma Function

Theorem

Proof

Wi, R DB S B

F(a)F(ﬁ):// P te (W) gy d.
0 JO

((RRE:E

u = st, v=s(l—1t), s>0,0<t<1.

FOHER] HATHI 20
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=—st—s(l—1t)=—s,

1—t —s

B8 W HEAS: dudv = sdsdt. [A]}

u+v=s, u Pt = g tB2anl )AL

TR TEBUMEA P IC R AR

o0 1
I'(a)I'(B) = atf-1,-s4 =1y _ p\B—1g
@) = [ stenas [Cemta
=T(a+5) B(o, B),
FIAKRLA T (o + B) BDFRSSE.
BT KFR, DU AR 5E 4 o] DA I s e A S5, s

BT -

3123 W5 )i

Mean and Variance

Mean

_ 1 lxa _:L,,B—lx_B(a"i_lvﬁ)
BOO = gragy J, 270 -9 e = S50
 Tla+1)I(a+pB) o

CT()(a+p+1) a+p’

RE—4$HT(a+1)=al(a) 5T(a++1) = (a+ AT (a+A).
Second Moment and Variance

[Fi] 3L

_ B(a+2,8) ala+1)
B(X7) = B(a,8)  (a+B)(a+pB+1)
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B ala+1) a 2
Vmuj_&HwMa+ﬂ+U_<a+ﬁ>

fr— aﬂ
(a+B)2(a+B+1)

Remark

e Beta(1,1) W% %L1, Bl Uniform(0,1);

6o
(0% W JaSn — > 3R
OQﬁa:EEWﬁﬁﬁﬁZ%;Emwﬁﬁﬁﬁﬁﬁaﬁ,ﬁ%§¢,ﬁﬁ
EECHER SN
o DUEEAH HfEE MGE 2, Kok Lo m L.
Beta(a, f)
= Betdf2, 5)
2 '." --F Beta(é)Q)
= .- _____'?:;‘\-----Beta({’),?a)‘
o1 ¢"" . : ~\~“\ ‘\
0 . -"'1"‘"‘ 1 1 \“1
0 0.25 0.5 0.75 1
T

Kt a5 B AMMSET o = 1/2 510 PIBEIEM AR,

313  MIphs At

Cauchy Distribution and Heavy Tails

3131 #IE SR

Density and CDF
Definition
(CB2e§3.3)
N
1
f(x):ﬂ(l—i-xQ)’ vek
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B AR A S 404, 124E Cauchy(0,1).
BRI RO DA E R R

r dt 1 1
F — _ = — — t
(z) /Oo m(1+1¢2) 2 + 7 aretand,

K>k arctan (- 5%0k 1/(1 + 22), HiRFRE F(0) = 1/2.

3.13.2 WIHAAAAE

No Expectation

Theorem

RPN — B A, Bl

* =l
E|X| = dx = oo.
| ’ /OOTF(].‘i‘xQ) x o0

Proof

H2E BN T RR AL

Eu1:2/m T ge =1 [In(1 +2%)] = co.
™ Jo 1+£L'2 ™ 0

BT [ |2l f (x)de &AL W B(X) Bh & L
Remark

W2EA HARRM R BB EE X T O X E#ES B(X) = 0. XHEMAIX
T AN TR

o XTFRERMIBI (F:i):
. R xz
}%1_{20 /R (14 22)
AR R EOR AT PR AL, 1 SR B G 5
o Wi: FSHh [af(x)de, RALE [|z|f(z)dr < oo B ATFHE

dxr =0,

FIVGAAE [ || f(x)de KB, FroAT A, WA “WEETE”, [b
BBy 2 S Y AN
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TS 43 e = 46 TR S
L ARG THENE, BRI AL
2. JOHCRE e oL RS PR AR SERLAR P, AT AT R 1 2L T

3. XA P A0 A AT @ ek - BRI S AL [R] A, A
SRR AR KA.

3.13.3  ZetiAsie iyt Ptk
Closure under Linear Transformations

% X ~ Cauchy(0,1), p€R, 0>0, &Y =p+0X. HOMEEGE:

_ 1 1 _
Fﬂ@zP(ng “>:+mmmy H
o 2 7 o

K1
702 + (y — p)?]

DA PR o W] WA P A R I — MBS RO R, i ELX RS
HRBATAETE R —HE T U T ek, A A0

fy(y) =

)

LA RN

0.4 R Cauchy(0, 1)

. v === N(O,1)
\

0.3 +

FPYE A AR PIIR e s R RIFRATIAS 2 ABRIE IS fEATAE -
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314 ¥ SR

Location-Scale Families

3.141 EXHEEAKX
Definition and Density Formula
Definition
(CB2e§3.3)
W f AR EREE A (Gl 00 REENT), Z WHEER f. 4
XpeR, o>0, BIVERE X =p+oZ WEEATER
et = 21(21).

o g

VRGBS R p 2 ESH, o RRESHL.
Deriving the Formula

W Z BBk

Fx(x):P(ILL—G—UZS:U):P(ZSm_u) :F<$_M>.

Wi o kS, WESEN 1/0:

Remark

XA AT “ArifEAl” St R AR ARiEAR e X B (X —p) /o, X B
FERRUERL 3R B — M b, B ORI e AR U,
REE VBRI BB AR T 1/0 Sk BTt do 5 dz B R .

3.14.2 RS2 H LI

Moment Rules

X =p+oZ, RIPRNLMENES T 201,
E(X)=p+oE(Z), Var(X)=o0*Var(2).
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HZWER 0. 2R 1 (FRMERDL), W E(X) = p. Var(X) = o®. X5
2 A R XA RS & 3

3.14.3 JEMNIK G

Members of the Family
WA 3 FRiE 1 (A= 214 REEZHL
IEA N(0,1) m
5] Uniform(0, 1) a b—a
Fay v Cauchy(0, 1) (A=H R
s (FEERIR o) — — B
Remark

M= aAE o RIERSEMAROESE, VB RTE “REE o MEK
JET R VIS BUE X RN E A (0, 1), AR S E -5 R FIlr—
MERGE T E SRR, BN P15 148 5 HEARME B S R NAT =
BB
3.15 7S s R AT 2 5 Al
Distributions from Transformations
3.15.1 Ffi/RAi

Weibull Distribution
SR A 5 S R IS FRIN ). B RE RS, TRk
RO AR, 4 E ~ Exp(1), B

T=nEYY, >0, n>0.
M AR oA G, 24 ¢ > 0 B,

Sr(t) =P(T > t) =P(E > (t/n)) = e~ @7,
Fr(t)=1—e ®/m7,

t <OW} Fr(t) =0, %} CDF k%, 153
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v—1
T ~ Weibull(y, ), ﬁ{ﬂ::%(%) e >0

SCHFERAMEFENE . v RIEAIRSAEL (shape parameter), 7 j2 REESAEL (scale
parameter), 5 T BAMIFE L. FHHLEM X ~ Exp(8) HEEXY = X7, N
X =pBE, \ifi Y = BY7EYY; XtRif) Weibull RJER n = pY7, REEHEES
Be
AR B 1 81

XFSEE k> —y,

ET* = nfEEFY = pF /OO e du
0
=gfr (1 + k) .
Y
Mk > —y (RUEZR FMEAR A R IERE RIS . I

ET:nF<1+i>, Var(T) = n? {r(1+3) —F2(1+i)}.

K% (hazard function) FIRCAAFHE ¢ HIARIET, 43 FAL H] TN 2R A0
R, SN h(t) = fr(t)/ST(t). fCAFFE]

h(t) = (/)

v = VIS RE n 4R, RACRIEE: v > 1IRRECRE, 0 <y <18}
I X HLA R SRR, A REE YA X E R

A IR AEAEAE, HANPRIE MGF 7228 (iR AFAE . WA B i
BR st — (t/n)7 I v > 1 MGF XA 528 s AR v = 1IFEOK s < 1/n;
0 <y < LHHEM s > 0 #RAHL, HIMBA 08 RO MGFE,

3.15.2  SEOE &ML

Lognormal Distribution
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A Z ~N(u,o%), Ho>0, 4 X =eZ, WX >0, iilog X = Z R\
EZM . X x>0,

Eﬂmzp@zgmzpwgkg@:@(M“F“>.

o

x < 0 [} CDF R, #EzCyE M4 %

2
X ~ Lognormal(u, 0?), fx(x) = ! w} , =>0.

roV/ 27 P [_ 202

Hrp 1/2 K d(logz)/dr; "ERAFRBELNSHIET. S8 pfil o? 55
iR log X MyMEM 22, HAE X A B EM I 2.
15 WA 5ii) MGF Kb

SRSk, | X = 15

k k202
EX" = Mz(k) =exp|( kn+ 5 |-

F EX = et to’/2 EX? = 20420° | Hipif5 5]

2

Var(X) = e+ (¢7” — 1).

X HRZ ISR Z 1) MGF, ARMHIESAR X ) MGF. #H5L b, £

= s> 00 ,
1 o —
Ees¥ = o /OO exp [sez - (Z205) ] dz = oo.

g

A2 se® fE 2 — oo WAL “IRZ I, AR AL ditnl i, 4R
WY HAFTEI AR BRIE MGF 7528 S A PR

3.15.3  hiihiiorAfn

Laplace Distribution
PR AR FE S 11 (double exponential distribution) ., By &2
BueR, RIEZHDL>0, X

1
X ~ Laplace(y, b), fx(x) = %e’m’“‘/b, z € R.
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WRELA p R B BR, PO B AR RCE B s P40 172, BrDAER
5+°49 1. CDF 0D AR 7 4521

{;ewb,

1-— %e*(x*“)/b, T > [

Fx($) -

S A I L AW SR %
Y =X —ple BHy>0MYr=pty5ae=p—y, WKL
XA R 1, i)

fy(y) = fx(p+y)+ fx(p—y)

— ie—y/b + ie—y/b — %e—y/b7 y > 0.

2b 2b

FEPAY ~ Exp(b); HEUE R — &G 2R . gx B B2 —r
FARR, EX =p; Y%= (X —p)?,

Var(X) = E(X — p)? = EY? = 2%
Pl W = X — p ¥y MGF BUMER AL HFEE, WIHE [s] < 1/b i

1 0 1 00
_ (s+1/b)w (s—1/b)w
My (s) 2b/ e dw + 5% /0 e dw

1 1 1

~ 2(1+bs) + 2(1—bs) 1—0%2s%

e Mx(s) = et /(1 — b22), FEAER NN |s| < 1/b. ZEATWIE RS 1A
#H) MGF.
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Weibull(2,1)  Lognormal(0,0.36)  Laplace(0, 1)

0.8 0.8 +
0.6 0.6 1
5 5
= 04 = 0.4 +
0.2 0.2 1
0 0
0 1 2 3
x T x

SRR MAFRIEL: e E . KGR, PARRATL AR SRR £

3.16 Sy Aniik Z MG 2
Connections between Distribution Families
VB EERE: et 24, e BELE &

n ANz Bernoulli(p) 357828 A IS5 Binomial(n, p); 4 n — oo, p, =
M, [EE b BIRER#T e /K, 153 Poisson HiFR . 33 HLIH & 192 T4 14k
npn = A, Axgib p EEAL MG R n.

PRI MIEE A /M, SRR pa = pA, & Ta WV
DIFTHERIREE, ISEPREEREII ] WA = ATA W2

P(Wa >t) = (1 — pA)H/A et A 0.

PR e 4 U O LA S Rt T RUBE 1/ p MR ERSE 1 . S EORI R ) b 231 [R] B 4k
HA IR VO RE B 32 24 VR 2Rt

TEHEN p H[F]— Poisson i Firy, 4 N(t) HEE t WAL, T A% m ik
FOFFNREE], m SRR W)

{Tm <t} ={N(t) = m}, P(T, <t)=1—e "

Xt oRSE, HIETUAE, BT

B pmtmflefpt
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X IEZ Gamma(m, 1/p) B . 5@ BB BT Poisson; [l i H ARk &L
) 2Pk 1] Gammas  FFREE IA) o] AR SR S84 X R G
MOFJ5 . BeBIRR B VS i &

MSTAREIES N x2 = Gamma(v/2,2). # G1 ~ Gamma(a, ().
G2 ~ Gamma(d, 8) #HE M. HEAMFERE, W G1/(G1+ G2) ~ Beta(a, 6); #H
Al RPN R . IEASAS R 551155 Lognormal, #8407 & AF 1E A A5
#| Weibull, Laplace & F Hu.0 B4 % {615 %] Exponential, &/~4510#48 ¢ T i
BEMLAE B . SOOI, REE D A PR Z ATk .

3.17 il

Worked Examples

3.17.1 ;T Aea e W EOT R

_i/}il_

(X). WEERT 0 XIFR, HAE [-1,1] 4bAZ, & [ |2]f(z)dr < o,

BE(X) = 0.

(3) 3K Var(X).
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FTPA Var(X) = 1/5,
3.17.2 Bil: B A A fi i)
B & #76 X ~ Exponential(8 = 500) (FfZ: /).
(1) ~FEgAFan ShRiEZ.
E(X) =500, Var(X)=>500%  ox =500.

(2) FHfieid 800 /NI .

P(X > 800) = ¢ 800/5%0 — ¢=16  (.2019.

(3) THIC A 300 /NEBIEHS , FEATEE 800 /N, diTCiciztk,

P(X > 1100 | X > 300) = P(X > 800) ~ 0.2019,

R E B A AR XU AR SE PR R e I BRI H B 5 38 1Y
@, WP, TER R SCRE R,
3.17.3 Hil: I AHER 5

W X ~ N(100,15%), BUan w4 o e .

(1) P(85 < X < 130). hpifEfb)E

130 — 100 85 — 100
P(85<X<130):<I>< )—q>< = >

15
= B(2) — B(—1) = B(2) + B(1) — 1
~ 0.9772 + 0.8413 — 1 = 0.8185.

(2) P(X > 120),
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120 — 100
15

P(X >120) =1 — q>< > —=1— $(1.333) ~ 0.0912.

(3) HMfta P(X =120) = 0, LRI SRR AZE, T AKAER 0
EIXFIXE] o X455 B EU A o B B E A P(X = 120) Rl REMIE.
3.17.4 il oA HiE 3

% X ~Gamma(2,3), i '(2) =115

T 6—x/3

flx) = g x> 0.

K P(X > 6). MBS (Blu =12, dv=e"3dz, v =
—3e7%/3):

/ ze 3 dy = [—3(136_33/3}00 +3/ e "3 dx
6 6 6

=18¢72+ 92 = 27¢ 2.
S)liq

27e 2

o= 3e72 ~ 0.4060.

P(X >6) =

PE E(X)=af =6, {1 P(X >6)~ 0406 < 0.5: L2601,
EA A BRI, FrABd S E SR N T —2F . X 5 IERM TR PR B A
GIP

3.17.5 fi: YUE sy Ak LL Bl

BRAT I GA% K 0 ~ Beta(2,3).
(1) BESHZE. B53 AR,

2.3 6
- - = 0.04.
Varl) = G 3pa s+ B 0
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(2) AtgHE 0.5 BUMER. B IH—bEE:

_T@rE) 1.2 1
B(2,3) = L) 240 127

W f(0) =120(1 - 0)%. fEfifieu=1-90:

1
P(6>05)=12 [ 6(1—0)%db
0.5

0.5 3 4705
- 12/ (1 — w)udu = 12 [“ - “}
0 3 4 0

=12 ! LYy _»o =0.3125
- 24 64) 16 ‘

PIER 0.4, (HERREL 0.5 R A 0.3125, WEHATIE: 24,
KETEA M AR, 100 7 & /e«

3.17.6  Bil: FIvu sy A SREA

B X0, Xo, . MOLF 3T Cauchy(0,1)0 KA 6.3 5 i Stk Ax st ]
PERTRD, REASIE

3R M Cauchy(0,1). HILTGIE n 2K, X, &ALm 0 4Ed, HEMiitam
LR TCRN . SXAREERAT: P AR AR O I A R T SE i O s
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4w RO SRR

Joint Distributions and Conditional Moments

fK#i: CB2e Chd; A2zfl] Chapter 4 ¥k} pp.1-31

4.1 BEALIAT i I 53 A B

Random Vectors and Joint CDFs

411 BEHLI

Random Vectors
Definition

(PS-SL04P01 p.4)

BiBLIE (random vector) JEAMBEAZSIRIE] R™ MBS X = (X1, X,)T,
Ho AR AR X 2 REHLAE & -

B, [A—2 2 AR ist X SETET Y MR (X, Y). AURBER AL
G HRYT, AREFIW LA R R S ST TR PIE IR G 1

(joint distribution),

4.1.2 W&{y CDF 54%5r M

Joint CDF and Marginals
Definition

(PS-SL04P01 p.5)

—IohEbLI R (X, Y) BBCE k% (joint cumulative distribution func-
tion) K

Fxy(z,y)=P(X <z, Y <vy), (z,9) € R~

WA AR BRAS B B AR 4734 (marginal distributions ). 455 — 4845
1) EFGET g5, i kA CDF Bt 14 CDF:

Fx(l') = lim FX,Y(‘ray)7 FY<y) = lim FX,Y(xay)'

Y—00 T—00
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Rk A ] MR i G A1 R R AT U ~ U(0,1), (U,U) 5 (U, 1-
U) BI85 U0, 1), ERl—Xsgammaes), JF—xrzfEd 1. (PS-
SL04P01 p.16)

4.1.3  HUBXURE

Rectangle Probabilities

Bra<b. e<d, SEEHAIY (a,0] x (c.d], FRAAMNS T IIERST:

Pla<X <b,c<Y <d)=Fxy(bd) — Fxy(a,d)
— FX7y(b, C) + FX’y(a, C).
X F(b,d) BRBENATLRM: WA X <afY < cWWH)E, 22T AP

ST, UMl i T B AR TR A & RFR R Lk . (PS-
SL04P01 p.6)

Example

P1<X<2-1<Y<3)=F(23)—F(1,3)—F(2,—-1)+F(1,-1).
VU AR FRAE S TEARTE I M, AL

4.2 BRI A

Discrete Joint Distributions

4.2.1 WAy PMF 5%k

Joint PMF and Support
Definition
(PS-SL04P01 p.7)
XTEH (X,Y), BREMEARBE KL (joint PMF)

pX,Y(xay) = P(X = I,Y = y)7
0,
1

Y

pxy(z,y)

> pxylwy) =
z oy
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TEERIE pxy (2.y) > 0 AR, % A CR?, Il P(X,Y) € A) =
D (wyyea Pxy (T, y) o WWERISCHN R FLEAR T, A RIEPI R G R AR
422 XFy;—HsbRRAN

Marginal PMFs

Theorem

(PS-SL04P01 p.8)

px(z) =Y pxy(@y),  pvy) = pxy(@y)
Yy x

BlE X =2 )5, AFY =y WFEEERFR AR A{X = o}, AN —A84R
KA. FAFHRY “ATH” BT R AN Z PMF.

Example

MR R BIRRIEE BA A &M TRREMR.  (PS-
SL04P01 pp.9-11)

X\Y 0 1 px(z)
0 0.20 0.30 0.50
1 0.10 0.40 0.50
py (v) 0.30 0.70 1

P(X4+Y >1)=1-P(X =0,Y =0) =0.80. E(XY) = 0.40,
WAL (1, 1) WA T 1 EX =050, EY =0.70, # E(XY) #
EXEY.

423 A HREMILIA
Functions of a Random Vector

1 Elg(X,Y)] < oo,

Elg(X, )] => > gla,y)pxy(x,y).
z oy
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B g(z,y) = o y. 2y, KKEH EX. EY . BE(XY). $(E M 4% [ 5200y
K RAEH BE(XY) —RFFEHA 1 PR LM B(aX +0Y) = aEX +bEY
AERhr, YN E(XY) = EX BY WARERGE i . (PS-SL04P01 pp.10-
11,19)
4.3 EZRUKA AN

Continuous Joint Distributions

4.3.1 WeAEE

Joint Density
Definition
(PS-SL04P01 p.12)
ETEARTRAEL fxy s B [fpo fx v (2,y) dody =1, IFEXAIIXIR A 45
PUXY) € A) = [[ Frrla)dady,

W (X,Y) HEEE#EE (joint PDF). F§51Hs,

T )
FX,Y(»”Uay):/ / Ixy(u,v) dvdu.

TERMIRA AL, fxy = 0°Fxy/(0x0y). B (z,y) BN 03
WEEA R B WASSEAEE, MULEREGEEE: (UU) &
HARREEAE L v = y b, ANREAIFi b i3 i i A

4.3.2 NGEE LGB

Marginal Densities and Integration Limits
Theorem

(PS-SL04P01 p.13)

fx(x) = /OO fxy(z,y)dy, fy(y) = /OO fxy(z,y)dz.
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SO wy PPN R G SCREEE, P E — M ARAR, TS — D ARARHY AT AT X TE]
By o ARREIE SRR AR S S Bl ] R AR AR

Example

Bofxy(zy) =2, X0 <z <y<1, Hepho, KIUEHRAIE
HIEMAL y =« EHR=ME, W 1/2; HEERR 2 fEtsh
Lo (& = B, y Ma B 1 BEEy B, 2 A0F y. Hitk
1
fX(x):/ 2dy=2(1—x), 0<x<1,
fy(y):/dex:Zy, 0<y<1.
0
KEHEREZMVNNER, BERENRNEY S nm. (PSS

SL04P01 p.14)

4.3.3 X Ih R S e

Probabilities and Expectations over Regions

WH=AEEE., FEX <12MM0<z<1/2, z<y<l, #k

1/2 f1 3
P(X<1/2):/ / 2dydr = 7.
0 T

FHX+Y <1HAEIERy<l—z, R <l—a, lO<x<1/2, T

=
PX+Y <1)= /01/2[clx2dydm = %
17 Elg(X,Y)| < oo, HELEAECAIIE N
Elg(X,Y)] = //g(ﬂﬁ,y)fx,y(w,y) dz dy.
Biltn

1 Y 1 1
E(XY) :/ / 2xydmdy:/ ydy ==,
0 Jo 0 4
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ZABUM B TR RREDR A RS 0 <o <y < 1, (HEFHANRNE AL
T AR X, (PS-SL04P01 pp.15,17-18)

4.4 ZFAForAi

Conditional Distributions

441 FAFRSARIEE
Conditional PMF and PDF
Definition

(PS-SL04P01 p.22)

# (X,Y) B H py (y) >0, )

PXlY(wly):P(X:xW:y):w_

o (X Y) HEREFE, H fy(y) >0, WGy B

vl |3 = D0,
XPRTER) y, 450 PMFE W o KACH 1, 544 PDF 3 « #5081, EL 8
{Y =y} miRZEE 2 05 FIFHEARIE P(X =2,Y =y) [RPAP(Y =y), 1M
e bR EEE S NGEENLT.
Al —2E B R L : pxy = pxpypy s B fxy = fxpy fy o BHERIGI5T
H—Ah%ntn, EReEdkaamh. (PS-SL04P01 p.23)

4.4.2 BisRAE ibl

A Discrete Conditioning Example

FEEmE2x2E€ P, PY=1)=070. £4TY=1)5, (UFEHEY =1—
F1F- B PAS AN -

030 3
PX=0]Y=1)= 20 =2
PX=1|y=1=22_12

070~ 7
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3/7+4/7 = 1. #HEMAA P(X = 0) = 050 {408}, FrgApg Tl
Y = 1”7 (95445 1i. (PS-SL04P01 p.24)

443 EEAAME A

A Continuous Conditioning Example

M=AEE, fr(y) =2y (0<y<1). BEY =y )5, X HEEELE (0,y),
[

2 1
Ixy@ly)==—-, 0<z<y.
| 2y oy

EZ, X| (Y =y)~U(0,y),

G [V (1)) do = 1. SelFSCiesEnE y 0l PR RIRAE S 1, R
AHEVA—1k. (PS-SL0O4P01 p.25)

4.5 ZIFR

Conditional Moments

4.5.1 AW

Conditional Expectation
Definition
(PS-SL04P01 pp.26-28)
B X =x, XY ARG EN R, 58 m(z) = Elg(Y) | X =]

gW)pyix(y | x), B,
m(z) =19 Yoo

/ o) fyix(y | 2) dy, FESERL
FEREDLE X AR m, HRFEIAE Elg(Y) | X]=m(X). fE X =2

i, B MG TEMARME X Al B X 2. Blg(y) =y R EY | X =12).
ZE AU B AT ARAR B T R e R . (PS-SLO4PO01 p.27)
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Example
FEEPRT, P(X =0)=PX =1)=1/2. B Y €{0,1},

?

E(Y|X=0=P(Y=1|X=0)=

Ol =~ ot W

EY |X=1)=P(Y=1|X=1)=

Wik E(Y | X) B3/5804/5, BfEH X g, % X ARy,
E[E(Y | X)] = (1/2)(3/5) + (1/2)(4/5) = 0.70 = EY . At H 2 %k
EASS: — R R AN R e BRHE JS e A R GEIER] . (PS-SL04P01
pp-29-30)

4.5.2 ZAEJi

Conditional Variance
Definition
(PS-SL04P01 p.31)
Xof ] E HASE A E X

Var(Y | X =2)=E(Y?| X =2) - [EY | X =2)%

FRPFIERAANE X 5 Y Byl &0 2 m e m s . —#1
AR o A2, XE=MIBHT, X (Y =y) ~U(0,y), BILAEX Y =y) =y/2,
Var(X | Y =y) = 3?/12,

Raisetsud1 123



RIE S HBG T X

FE MR P

English Definitions and Principles

CHAPTER 1

Probability, Counting and Distribution Functions

1. Experiments, events and probability

A sample space contains the outcomes of an experiment. Events belong to a
sigma-algebra, which contains the full space and is closed under complements

and countable unions. In a finite space, all unions of its atoms form such a family.

A probability measure is nonnegative, assigns one to the full space and is count-

ably additive on disjoint events.

Disjointness is a set relation; independence is a probability relation. Complemen-
tation, inclusion—exclusion and the union bound do not require independence.
Counting favorable outcomes divided by all outcomes is valid only when the

chosen elementary outcomes are equally likely.
2. Counting and sampling mechanisms

Permutations retain order and combinations ignore it. Repeated indistinguish-
able objects require division by their multiplicity factorials. Required consecutive

strings can be treated as blocks, subject to overlap checks.

Unlabeled equal-size groups require division both for internal order and for ex-

change of entire groups; labeled groups do not require the latter factor.

Sampling without replacement changes subsequent success chances and leads
to a hypergeometric count. Independent fixed-probability draws lead to a bi-
nomial count. Numerator and denominator in a counting probability must use

consistent ordering conventions.
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3. Conditioning, total probability and Bayes” theorem

Conditional probability restricts and renormalizes the sample space. A partition
consists of disjoint events covering it. Total probability sums the contributions of
all possible types; Bayes” theorem reverses a conditional direction through joint

probabilities.

The prior is a type probability before observation, the likelihood is the observa-
tion probability under that type, and the posterior is the updated type probabil-
ity.

In screening, prevalence is the prior, sensitivity is the true-positive rate, and
specificity the true-negative rate. The positive predictive value is a posterior, not
sensitivity. Conditional independence does not imply marginal independence

when observations share an unknown type.

Pairwise independence also need not imply mutual independence.
4. Random variables, PMFs, PDFs and CDFs

A random variable maps outcomes to numbers. Its support specifies feasible
values. A discrete PMF assigns nonnegative point masses summing to one. An
absolutely continuous PDF is nonnegative and integrates to one; interval proba-

bilities are integrals and point probabilities vanish. A density may exceed one.

The CDF is P(X < z) for every distribution. It is nondecreasing, right-
continuous, and has limits zero and one. Its jump is point mass, while the left
limit excludes that point. Survival is 1 — F'(z). Always validate a proposed
distribution before using it; differentiating an arbitrary function does not make
it a PDF.
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CHAPTER 2

Transformations, Expectations and Moments

1. Transformations: support before algebra

For Y = g¢(X), first find the image of the original support. The CDF method
rewrites g(X) < y as events in X and works even for nonmonotone maps.
Inverse-density formulas must sum every feasible branch and include the
absolute inverse derivative. The feasible branch count can change across

intervals.

The Jacobian compensates for stretching of the coordinate axis. An affine trans-
formation has density fx((y —b)/a)/|a|. Check the new support, nonnegativity,
normalization and CDF continuity. Density values at finitely many continuous

endpoints do not affect probabilities.
2. Quantiles and the probability integral transform

A quantile inverts cumulative probability, using the generalized inverse if neces-
sary. A continuous median solves F'(m) = 1/2 and need not equal the mean. For
continuous strictly increasing F, the probability integral transform makes F'(X)

uniform.

Conversely, applying the generalized inverse to a uniform variable generates the

target CDF. Discrete F'(X) need not be uniform, so conditions matter.
3. Expectation, moments and variance

Expectation is a probability-weighted average. LOTUS computes E[g(X)] di-
rectly using the original PMF or PDF, without deriving the transformed law. Raw
moments are X *; central moments center at the mean. Varianceis £X2—(FEX)?

and standard deviation is its square root.

Expectation is linear without independence. Variance scales by the square of a
multiplier and is invariant to shifts. A finite expectation requires absolute inte-
grability; divergent positive and negative parts cannot cancel. Symmetry alone

does not guarantee a mean.

Mixture raw moments are weighted component moments, but mixture variance

also reflects differences between component means.
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4. MGFs: existence, differentiation and identification

The MGF is E(e!X). When finite on a neighborhood of zero, derivatives yield
raw moments and the MGF uniquely identifies the distribution. Its convergence
domain is part of the answer. Affine changes transform the argument and add

an exponential factor; independent sums multiply MGFs.

Bounded support gives finiteness for all real arguments. Exponential and
Laplace tails restrict the domain. A normal MGF exists everywhere, while a
Cauchy MGF does not exist near zero. A lognormal has all power moments
but no finite MGF for positive arguments. Recognizing Gamma or Gaussian

integrals often simplifies derivations.

CHAPTER 3

Common Families of Distributions

1. Discrete families from experiment mechanisms

A Bernoulli indicator records one success. A binomial variable counts successes
in a fixed number of independent constant-probability trials. Geometric and

negative-binomial variables stop at success one or success 7.

State whether the count includes all trials or only failures; the final success is

fixed and only earlier positions are arranged.

Hypergeometric counts sample without replacement, with support limited by
available successes and failures. Draws are not independent. Poisson counts
have nonnegative integer support and intensity J); their event assumptions must

be checked rather than inferred from a large trial number alone.
2. Discrete moments and MGFs

The table uses geometric and negative-binomial failure counts. Their MGFs re-
quire t < —1In(1 — p); shifting to total trials adds e’ or ¢". Bernoulli, binomial

and Poisson MGFs exist for all real ¢, as does any finite-support MGF.

Negative dependence from sampling without replacement gives the hypergeo-

metric finite-population variance correction (N —n)/(N — 1) for N > 1.

Poisson thinning conditions on the original random count, applies a binomial

retention model, and sums over the count to obtain Poisson(Ap). Zero truncation
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instead conditions on a positive value and renormalizes by 1 — e it changes

both moments and the distribution family.
3. Continuous families: intervals, waiting and normality

A continuous uniform law has constant density on an interval. An exponential
law with scale 3 has rate 1/3, mean 3 and variance 3°. Its survival function gives

memorylessness; a nontrivial mixture of unequal rates loses that property.

The Gamma density defines shape a and scale 3, with mean a3 and variance
a/3?. Rate notation replaces scale by its reciprocal in both the exponent and the
normalizing constant. Shape one is exponential, and integer shape corresponds

to accumulated exponential waits.
A Gamma waiting-time tail can be expressed as a Poisson count probability.

In N(u,0?), the second parameter is variance and standardization divides by
the standard deviation. Standard-normal CDF differences give interval proba-
bilities. The sum of v independent squared standard normals is chi-square with

v degrees of freedom, equivalently Gamma(v/2, 2).
4. Beta, transformed families and heavy tails

Beta distributions model values in (0, 1) using two shape parameters and a Beta-
function normalizer; Beta(1, 1) is uniform. A Weibull law arises by taking a pos-
itive power of an exponential variable, and its usual scale is the corresponding

power of the exponential scale.

Alognormal is the exponential of a normal variable. Its parameters describe the
logarithm, so its mean is not the exponential of the log mean. Laplace distribu-

tions have a location and scale with variance twice scale squared.

A standard Cauchy has such heavy tails that its mean does not exist; a symmetric

principal value is not a valid expectation.
5. Continuous MGFs and their domains

Completing the square in the normal MGF integral shifts the normal mean to

1 + ot and leaves the factor e#+o**/2. A Gamma integral instead changes its

exponential decay coefficient to 1/5 — ¢.

The table lists both formulas and convergence domains. The uniform formula

has a removable singularity at zero. Beta MGFs exist everywhere because the
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support is bounded, even without a simple elementary formula. Cauchy and

lognormal laws do not have the required finite MGF neighborhood.

Equal means and variances alone do not identify a distribution; MGF uniqueness

requires agreement on a neighborhood of zero.

CHAPTER 4

Joint Distributions and Conditional Moments

1. Joint distributions and marginalization

A random vector has a joint law describing simultaneous values, not merely sep-
arate marginals. A joint CDF is defined for every law. Its rectangle increments

give rectangle probabilities and must be nonnegative.

An ordinary joint PDF exists only for laws absolutely continuous with respect to

area; continuous marginals alone do not guarantee it.

Marginalization sums or integrates out the other coordinate. Integration bounds
come from the joint support. In the triangle 0 < =z < y < 1, fixing x leaves y

between x and one, whereas fixing y leaves x between zero and y.
2. Independence and the support

Independence requires factorization for every pair of measurable events, equiv-
alently for all joint CDF values, all joint masses, or almost everywhere for densi-
ties. A single counterexample disproves independence, but one successful point

cannot prove it. The support must also be consistent with factorization.

Identical marginals do not determine a joint law. The pairs (U, U) and (U,1—U)
share uniform marginals but place probability on different lines. Joint expecta-
tions sum or integrate the function against the joint law. Independence implies

factorization of product moments when defined, but the converse is false.
3. Conditional distributions as normalized slices

A conditional PMF divides joint mass by the conditioning marginal mass. A
conditional PDF uses a density ratio where the marginal density is positive; it
does not divide by a zero-probability point event. Holding one coordinate fixed

gives a slice whose feasible support must be normalized.
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Multiplying a marginal by a conditional reconstructs the joint density. One can
then integrate for the other marginal and reverse the conditioning. Indepen-
dence is an additional property under which conditioning leaves the other dis-

tribution unchanged. Conditional densities must integrate to one over their slice.
4. Conditional means and conditional variances

The conditional mean given X = z is an ordinary expectation under a condi-
tional law and is a function m(z). Replacing by X makes (Y | X') a random

variable.

Conditional variance likewise depends on the conditioning value and equals the

conditional second moment minus the squared conditional mean.

Recognized conditional families allow their usual moment formulas. The se-
lected exercises check by explicit sums or integrals that averaging the conditional
means recovers the marginal mean. Core coverage ends with the joint and con-

ditional distributions and moments in the available notes.

Later inference topics are excluded; the older minimum question is only a CDF-

and-independence bridge.
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